
Operations Research and Networks 



Operations Research 
and Networks 

Edited by 
Gerd Finke 

Series Editor 
Pierre Dumolard 



First published in France in 2002 by Hermes Science/Lavoisier entitled: “Recherche opérationnelle et 
réseaux: Méthodes d’analyse spatiale” 
First published in Great Britain and the United States in 2008 by ISTE Ltd and John Wiley & Sons, Inc. 

Apart from any fair dealing for the purposes of research or private study, or criticism or review, as 
permitted under the Copyright, Designs and Patents Act 1988, this publication may only be reproduced, 
stored or transmitted, in any form or by any means, with the prior permission in writing of the publishers, 
or in the case of reprographic reproduction in accordance with the terms and licenses issued by the CLA. 
Enquiries concerning reproduction outside these terms should be sent to the publishers at the 
undermentioned address: 

ISTE Ltd  John Wiley & Sons, Inc.  
27-37 St George’s Road 111 River Street 
London SW19 4EU Hoboken, NJ 07030 
UK USA

www.iste.co.uk  www.wiley.com 

© ISTE Ltd, 2008 
© LAVOISIER, 2002 

The rights of Gerd Finke to be identified as the author of this work have been asserted by him in 
accordance with the Copyright, Designs and Patents Act 1988. 

Library of Congress Cataloging-in-Publication Data 

Operations research and networks / edited by Gerd Finke. 
       p. cm. 
  Includes bibliographical references and index. 
  ISBN 978-1-84821-092-9 (alk. paper) 
 1.  Network analysis (Planning) 2.  Operations research.  I. Finke, Gerd.  
  T57.85.O64 2008 
  658.4'032--dc22 

                                                            2008030338 

British Library Cataloguing-in-Publication Data 
A CIP record for this book is available from the British Library  
ISBN: 978-1-84821-092-9 

Printed and bound in Great Britain by Antony Rowe Ltd, Chippenham, Wiltshire. 

http://www.wiley.com


Table of Contents 

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix 
Gerd FINKE

Chapter 1. Linear Programming . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 
Gerd FINKE and Nadia BRAUNER 

1.1. Fundamental concepts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 
1.2. Software. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 
1.3. Indivisible units . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 
1.4. Modeling with integer variables. . . . . . . . . . . . . . . . . . . . . . . . . 22 
1.5. Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 
1.6. Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 

Chapter 2. Graphs and Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 
Wojciech BIENIA 

2.1. The concept of a graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 
2.2. Sub-structures and exploration . . . . . . . . . . . . . . . . . . . . . . . . . 31 
2.3. Edge- and vertex-connectivity. . . . . . . . . . . . . . . . . . . . . . . . . . 34 
2.4. Directed graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 
2.5. Valued graphs and networks . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 

2.5.1. The shortest spanning tree problem in a connected graph . . . . . . 37 
2.5.2. The shortest path . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 

2.6. Assignment and coloring . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 
2.6.1. Matchings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 
2.6.2. Vertex colorings. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 

2.7. Flow in networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 
2.8. Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 
2.9. Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 



Operations Research and Networks vi

Chapter 3. Classical Combinatorial Problems and Solution Techniques . . . 71 
Clarisse DHAENENS, Marie-Laure ESPINOUSE and Bernard PENZ 

3.1. Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 
3.2. Classical optimization problems . . . . . . . . . . . . . . . . . . . . . . . . 72 

3.2.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72 
3.2.2. Combinatorial optimization problems in graph theory . . . . . . . . 72 
3.2.3. Assignment Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 
3.2.4. Transportation problems . . . . . . . . . . . . . . . . . . . . . . . . . . 74 
3.2.5. Location problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75 
3.2.6. Scheduling problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 

3.3. Complexity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77 
3.4. Solution of hard problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 

3.4.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 
3.4.2. Relaxations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 
3.4.3. Heuristic methods of construction . . . . . . . . . . . . . . . . . . . . 81 
3.4.4. Improvement methods . . . . . . . . . . . . . . . . . . . . . . . . . . . 83 
3.4.5. Exact methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90 

3.5. Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101 
3.6. Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102 

Chapter 4. Project Scheduling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105 
Lionel DUPONT 

4.1. Presentation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105 
4.1.1. Conducting a project . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105 
4.1.2. Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106 
4.1.3. Scheduling methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108 

4.2. Scheduling and graphs without cycles . . . . . . . . . . . . . . . . . . . . . 108 
4.3. Fundamental problem. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113 

4.3.1. Calculation of the earliest dates. . . . . . . . . . . . . . . . . . . . . . 113 
4.3.2. Calculation of the latest dates . . . . . . . . . . . . . . . . . . . . . . . 114 
4.3.3. Margins . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116 

4.4. Visualizations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117 
4.4.1. Representation on the graph PERT/CPM . . . . . . . . . . . . . . . . 117 
4.4.2. Gantt chart . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118 

4.5. Probabilistic PERT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119 
4.5.1. Analytic solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120 
4.5.2. Solution by simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . 122 

4.6. Sequencing with disjunctive constraints . . . . . . . . . . . . . . . . . . . . 123 
4.7. Sequencing with cumultative constraints: serial methods . . . . . . . . . 126 
4.8. Time-cost trade-off problem . . . . . . . . . . . . . . . . . . . . . . . . . . 131 
4.9. Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135 
4.10. Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135 



Table of Contents vii

Chapter 5. Operations Management in Transportation Networks . . . . . . . 137 
Jacques DESROSIERS 

5.1. Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137 
5.1.1. A bit of history . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137 
5.1.2. University–industry: a winning partnership . . . . . . . . . . . . . . 138 

5.2. Fundamental notions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139 
5.2.1. A common structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139 
5.2.2. The shortest path problem with time windows . . . . . . . . . . . . . 140 
5.2.3. Some mathematics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141 
5.2.4. A generic algorithm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142 

5.3. A mechanism of decomposition. . . . . . . . . . . . . . . . . . . . . . . . . 145 
5.3.1. Local restrictions and global constraints . . . . . . . . . . . . . . . . 145 
5.3.2. The column generation method . . . . . . . . . . . . . . . . . . . . . . 148 
5.3.3. Solutions satisfying the integrality constraints . . . . . . . . . . . . . 150 

5.4. Diversity of the local restrictions . . . . . . . . . . . . . . . . . . . . . . . . 151 
5.4.1. A few words on the extension functions . . . . . . . . . . . . . . . . 151 
5.4.2. Modeling examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154 

5.5. Applications in large transportation networks . . . . . . . . . . . . . . . . 156 
5.5.1. Urban transportation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156 
5.5.2. Air transportation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157 
5.5.3. Rail transportation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158 

5.6. What does the future look like? . . . . . . . . . . . . . . . . . . . . . . . . . 159 
5.7. Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160 

Chapter 6. Pickup and Delivery Problems with Services on Nodes or Arcs  
of a Network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165 
Alain HERTZ and Michel MITTAZ

6.1. Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165 
6.2. Node routing problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166 

6.2.1. The traveling salesman problem . . . . . . . . . . . . . . . . . . . . . 166 
6.2.2. Vehicle tours with capacity constraints . . . . . . . . . . . . . . . . . 170 

6.3. Arc routing problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174 
6.3.1. The Chinese postman problem . . . . . . . . . . . . . . . . . . . . . . 174 
6.3.2. The rural postman problem . . . . . . . . . . . . . . . . . . . . . . . . 177 
6.3.3. Arc routing problems with capacity constraints . . . . . . . . . . . . 183 

6.4. Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185 
6.5. Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186 

Chapter 7. Telecommunication Networks . . . . . . . . . . . . . . . . . . . . . . 189 
Alexandre CAMINADA, Jin-Kao HAO, Jean-Luc LUTTON and Vincent MARTIN

7.1. Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189 
7.2. Optimal synthesis of backbone networks . . . . . . . . . . . . . . . . . . . 190 
7.3. Topology and dimensioning of the nominal network . . . . . . . . . . . . 193 

7.3.1. Descent algorithm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194 



Operations Research and Networks viii

7.3.2. Simulated annealing . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197 
7.4. Dimensioning of spare capacities . . . . . . . . . . . . . . . . . . . . . . . . 200 

7.4.1. Non-simultaneous multiflow model and linear programming . . . . 200 
7.4.2. Solution of non-simultaneous multiflows by decomposition. . . . . 203 
7.4.3. Extension of the decomposition model for modular capacities . . . 206 

7.5. Conception of cellular networks . . . . . . . . . . . . . . . . . . . . . . . . 208 
7.6. Antenna positioning and configuration . . . . . . . . . . . . . . . . . . . . 210 

7.6.1. Multicriteria model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 212 
7.6.2. A heuristic for positioning antennas . . . . . . . . . . . . . . . . . . . 215 

7.7. Frequency assignment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 220 
7.7.1. Modeling by set T-coloring . . . . . . . . . . . . . . . . . . . . . . . . 223 
7.7.2. Solution by evolutionary algorithms . . . . . . . . . . . . . . . . . . . 224 

7.8. Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 228 
7.9. Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 229 

Chapter 8. Mission Planning for Observation Satellites . . . . . . . . . . . . . 235 
Virginie GABREL, Cécile MURAT and Vangelis PASCHOS 

8.1. Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235 
8.2. Description of the problem of planning satellite shots. . . . . . . . . . . . 237 

8.2.1. Context: image acquisitions – constraints of the satellite used . . . 237 
8.2.2. Problems studied . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239 

8.3. Models and formulations of induced combinatorial problems . . . . . . . 241 
8.4. Algorithms for MS and MSO . . . . . . . . . . . . . . . . . . . . . . . . . . 246 

8.4.1. Solving MS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 246 
8.4.2. Solving MSO in the discrete case . . . . . . . . . . . . . . . . . . . . 251 
8.4.3. Solving MSO in the continuous case . . . . . . . . . . . . . . . . . . 251 

8.5. Experiments and numerical results . . . . . . . . . . . . . . . . . . . . . . . 257 
8.5.1. Performances of approximate algorithms proposed to solve MS . . 257 
8.5.2. Performances of approximate algorithms proposed to solve MSO . 259 

8.6. Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 261 
8.7. Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 261 

List of Authors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263 

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 265 



Introduction

This volume presents the principal operations research (OR) tools that help in the 
planning and management of all sorts of networks. The term “network” is to be 
understood in a very broad sense. In effect, this term also designates physical 
networks, such as road or railway networks, as well as logical networks, used for 
complex project planning for example. In this case, the network elements 
correspond to activities, and the interconnections describe temporal relations. 

OR considers real problems in two phases: a modeling phase that corresponds to 
the development of a mathematical model is followed by a solution procedure, exact 
or approximate, and in general algorithmic. These two phases are closely connected 
and OR proposes collections of models, adapted to numerous applications, as well as 
the corresponding resolution techniques. 

The models can be classified in two large categories, those based on an algebraic 
formulation and those founded on the concept of graphs. These two models are 
presented in Chapters 1 and 2 and the general solution approaches are in Chapter 3. 
Then, in Chapters 4 to 8, some chosen applications are detailed. They concern 
project management, collection and distribution networks, telecommunication 
networks and graph models for mission planning of observation satellites. 

Chapter 1 presents the main ideas of linear programming. This model is based on 
basic notions of linear algebra. The goal is to optimize a linear function (maximize 
profit, minimize distance covered, minimize transportation cost, etc.) by satisfying 

Introduction written by Gerd FINKE. 



x     Operations Research and Networks 

certain conditions (constraints). These constraints are linear (equations or 
inequations) and model the use of finite capacity resources, distance limits, budget 
restrictions, etc.  

The fundamental concepts of linear programming are described: the type of 
solution (basic solution), duality and the economic interpretation. However, the goal 
of this chapter is situated more at the level of modeling than developing theory. 
Software is easily accessible, mostly in standard form. The objective of this chapter 
is to describe the use of a type of software and to show how the results can be 
interpreted. Modeling by linear programming is very flexible and enables an 
efficient solution to the problems, thanks to the simplex algorithm. But there is an 
essential restriction: fractional value solutions must be accepted. Unfortunately, for 
many of the problems, discrete variables (of integer values) must be considered and 
they often take values 0 or 1 indicating a decision (a site, chosen or not, or a 
resource, used or not). For these integer programming problems, an efficient 
universal algorithm does not exist. The task of creating a “good” model becomes 
much more difficult and requires us to exploit the particular structure of the 
problem. 

Graphs are extremely useful structures to describe and understand numerous 
problems. These impressive modeling tools are detailed in Chapter 2. The graphs are 
made up of vertices (depots, cities, clients) and of connections between these 
vertices (routes, cables). Often other information is given, for example the quantity 
of available merchandise in a vertex and the length or the cost of a connection (edge, 
arc) connecting two vertices. These graphs, called valued graphs, constitute what are 
called abstract networks. In this chapter, a large number of examples illustrate the 
richness of this model. The usual concepts are introduced – paths, trees and flows – 
with sometimes unexpected applications. Graph theory has created its own 
algorithmic solution. These procedures can be an alternative to linear programming 
with integer variables, or even in certain cases give the only possible access to an 
efficient solution. 

Chapter 3 presents the spectrum of diverse solution techniques. Some elements 
of the complexity theory are given, distinguishing the easy problems, such as linear 
programming in fractional variables or minimal length paths in graphs, and difficult 
problems, such as integer linear programming or the traveling salesman problem. 
Solution techniques are presented, including exact methods (branch and bound, 
dynamic programming) and, in particular, approximate methods: heuristics and 
metaheuristics (simulated annealing, tabu method and genetic algorithms). 

Chapter 4 addresses the management and scheduling of large projects and, in 
particular, describes the Program Evaluation and Review Technique (PERT). It is a 
quite general tool, applicable to complex projects, such as construction of an 
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apartment building, a ship or a dam, as well as large agricultural projects. This 
method is based on a network of events whose arcs indicate the succession of the 
different work phases necessary to realize the project. Without giving an exhaustive 
list, some large spatial problems are described in the following chapters. 

In Chapter 5, the management of large urban transportation networks, both air 
and rail, is considered. Real applications are numerous: school transportation, 
transport of the handicapped, assignment and determination of the hours of bus 
drivers and locomotive engineers and crew rotation for an airline. It is remarkable 
that for this multitude of applications a sole structure, described by paths that respect 
a time interval in a space-time network, is applicable. The number of possible paths, 
and thus the number of variables of choice in these models, can reach several 
million. Consequently, even the linear relaxations of the problem can no longer be 
solved directly by the simplex method. Other more elaborate procedures must be 
used; for example the method of column generation, the object of recent research. 

Chapter 6 presents other aspects in transportation networks that are connected to 
the distribution and collection of goods to the clients. Two types of models emerge, 
depending on the position of the clients. If they are found on the vertices of the 
network (cities for example), the problem studied is a problem of vehicle tours, 
related to the traveling salesman problem. On the other hand, if the clients are 
situated along the roads, the problems lead to so-called Chinese postman problems. 

In Chapter 7, large telecommunication networks are studied. Many actors 
intervene in these networks and the quality of service becomes dominant for the 
users. There are two large categories of telecommunication networks: fixed 
networks with cable connections and mobile networks where communications are 
made by radioelectric waves for clients who are moving in a certain territory. The 
methods are different for these two types of networks. A whole range of OR 
techniques is applied here: linear programming or algorithms in graphs, for example 
coloring for the frequency assignment in a mobile radio network. 

Finally (Chapter 8), the last problem presented concerns mission planning for 
observation satellites. Satellite users demand images of terrestrial strips to be made 
while the satellite turns around the earth on its orbit. A uniform graph model is 
developed to describe a sequence of images without conflict and respecting all the 
constraints.

Thus, based on the two types of OR formulations, linear programming and 
graphs, numerous applications, especially in networks, have been described and 
modeled. By then calling upon OR solution techniques it was possible to obtain 
efficient algorithmic solution methods, exact or approximate, in order to help in the 
decision-making process. 



Chapter 1 

Linear Programming

1.1. Fundamental concepts 

This chapter concerns the problems whose objective is to optimize a function by 
respecting constraints. Linear programming, more precisely, studies the cases where 
the function to optimize (or objective function) and the constraints are expressed 
linearly. This model, which can seem rather specialized, is in fact very flexible. We 
will show in this chapter that it allows us to model a great many important 
applications. 

Numerous studies describe linear programming techniques. We cite, not wanting 
to give a long list, some reference studies in French [CHA 96, MIN 83] and in 
English [BAZ 90, CHV 83, DAN 63, MUR 85, SAK 83, NEM 88].

We first describe an example that illustrates the allocation of resources: the 
company Biereco produces two varieties of beer, B1 and B2, from three ingredients: 
corn, hops and malt. These cereals are available in quantities of 80, 30 and 40 parts. 
Each barrel of beer B1 uses one part corn, one part hops and two parts malt, while 
each barrel of B2 must have two parts corn, one part hops and one part malt. A barrel 
of B1 is sold at 50 monetary units and a barrel of B2 is sold at 40 monetary units. The 
objective of the producer is to maximize the profit. Table 1.1 gives the data for this 
problem. 
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Composition/barrel 
Beer

corn hops malt 
Selling price 

B1 1 1 2 50  

B2 2 1 1 40  

Available 80 30 40  

Table 1.1. Data for the Biereco example

We model this problem with the help of a linear program. The decision variables 
x1 and x2 represent the number of barrels of beer B1 and B2 to be produced. In order 
for the solution obtained to be realistic, these variables must be non-negative. The 
limits on the quantity of available resources and the composition of the beers 
involve the following constraints: 

(corn) 1 · x1 + 2 · x2  80 

(hops) 1 · x1 + 1 · x2  30 

(malt) 2 · x1 + 1 · x2  40 

The profit to maximize is given by the function z = 50x1 + 40x2. We thus obtain 
the linear program below: 

(objective function) maximize z = 50x1 + 40x2

(constraints)    1 x1 + 2 x2 80

1 x1 + 1 x2 30

2 x1 + 1 x2 40

 x1 0, x2 0

The linearity of the objective function and the constraints is natural for this type 
of problem. In effect, the profits and the consumption of the resources are additives. 
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Figure 1.1 describes the set of feasible solutions R: the elements of R satisfy all 
the constraints. The constraints are inequations. They are thus represented by half-
planes (in the figure, the arrows indicate which half-plane is to be considered). By 
definition, R is the intersection of these half-planes. 

Figure 1.1. Admissible region R

The region R represents the candidates (x1, x2) in competition to maximize the 
objective function. Let us consider the straight lines 50x1 + 40x2 = z where z is a 
constant. On each of these lines, the profit remains the same (Figure 1.2).  

The optimal solution to the Biereco problem is x1 = 10 and x2 = 20 and the 
maximum profit is z = 1,300. This example enables us to come to several 
conclusions: 

– The constraint of corn is oversized. In effect, no feasible solution attains the 
limit of 80 available units.  
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Figure 1.2. Different values of the objective function

– The extreme points of R, E0 = (0, 0), E1 = (20, 0), E2 = (10, 20) and E3 = (0, 30) 
are particularly interesting. In each of these points, at least two constraints are 
saturated. In this example, E2 is optimal and it saturates the constraints of hops and 
malt. The construction of Figure 1.2 shows that each linear objective function 
admits an optimal solution in an extreme point. This optimal extreme point is not 
necessarily unique. For example, let us modify the objective: z’ = 60x1 + 30x2. In 
this case, the extreme points E1 and E2 are both optimal. 

– A point that saturates several constraints simultaneously is not necessarily an 
extreme point. For example, the point (0.40) saturates the three constraints x1  0, x1

+ 2x2  80 and 2x1 + x2  40, but is non-feasible. However, when the number of 
constraints is finite, the admissible region can only contain a finite number of 
extreme points. 

The celebrated simplex method that allows us to solve a linear program in fact 
determines the best extreme point. The basic idea is simple. The algorithm first 
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constructs an initial extreme point, then it passes successively to neighboring 
extreme points until an optimal point is attained. For the preceding example, the 
method begins with the origin E0; then two paths toward the optimal point are 
possible: E0  E1  E2 and E0  E3  E2.

In the Biereco example, the constraints are in the form “ ”. This reflects the fact 
that the resources are in limited quantities and that we cannot use more than the 
available quantity. In general, we distinguish three classes of constraint: 

j aij xj  bi or bi or = bi, i = 1, 2 . . .m; j = 1, 2 . . .n

In the preceding example, the number of variables is n = 2, the number of 
constraints is m = 3 and the three constraints are of the type “ ”. The non-negativity 
constraints of the variables are treated separately and are directly integrated in the 
simplex algorithm. The constraints of type “ ” indicate that a minimal resource 
quantity must be used and the constraints of type “=” impose the exact consumption 
of a resource. 

An equation can always be written as two inequations “ ” and “ ” and we 
transform a constraint of type “ ” into a constraint of type ‘ ’ by multiplying it by  
(-1). We also note that max cx = -min(-cx). Consequently, each maximization 
problem is equivalent to a minimization problem. Every linear program can thus be 
written in a normalized form, also called a canonical form:

max z = cx under the constraints Ax b, x  0 where 

– A is the matrix of size mxn of technical coefficients; 

– x = 

nx

x1

 is the column of decision variables; 

– b = 

mb

b1

 is the column of limited resource quantities; 

– c = (c1, c2, . . ., cn) is the vector of coefficients (unit profits in our example) of 
the objective function. 

The canonical form of the Biereco example is: 
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max z = 1

2

50 40
x

,
x

subject to constraints (s.t.) 

1 1

2 2

1 2 80
0

1 1 30
0

2 1 40

x x
;

x x

Another important form of writing a linear program is the standard form for 
which the constraints are equations: 

max z = cx

s.t. Ax = b, x  0. 

For example, for the constraint of corn, we introduce a new variable, s1, called 
the slack variable, which measures the amount of unused corn: 

x1 + 2x2 + s1 = 80 ; s1  0. 

The standard form of the Biereco example is written as follows: 

max z = 

1

2

1

2

3

50 40 0 0 0

x
x

, , , , s
s
s

s.t.

1 1

2 2

1 1

2 2

3 3

0
1 2 1 0 0 80 0
1 1 0 1 0 30 0
2 1 0 0 1 40 0

0

x x
x x
s ; s
s s
s s

The simplex method uses the standard form. It is interesting for us to know what 
the intuitive concept of extreme points has become in this linear system. 
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To characterize the extreme points, we give some classical definitions of linear 
programming. In general, the system Ax = b has more variables than constraints, m
n, and the matrix A is of full rank, r(A) = m. A submatrix B of A of dimension mxm
is a basis if its determinant is different from zero, det(B) 0. More precisely, B is a 
collection of m columns of A taken in any order. With each basis B, we associate a 
solution of the linear system: let xB be the vector of variables associated with the 
columns of A that are part of B, and xN, the vector containing the other variables. 
The elements of xB are the basic variables and those of xN are the non-basic 
variables. 

If xN = 0, then the system Ax = b is reduced to BxB = b whose unique solution is 
xB = B-1b. The solution xN = 0, xB = B-1b is called the basic solution associated with 
B. If this solution is feasible, that is xB = B-1b  0, we have an admissible basic 
solution. The admissible basic solutions correspond to the extreme points  
(Table 1.2). 

The idea of the simplex method is to search for an optimal basis. At each 
iteration, we generate an admissible neighboring basis of the current basis by 
pivoting. For that, a new variable (column) is introduced into the basis and a 
variable (column) is eliminated from the basis. 

It is not our intention to give more details about this solution procedure. 
However, the concept of admissible bases is essential for comprehension of the files 
of results supplied by classic linear programming software. 
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Base B Inverse B-1 Basic solution Extreme points 

100
010
001

100
010
001 0

0

2

1

x
x

xN

40
30
80

3

2

1

s
s
s

xB

E0

1 2, 0, 0x x

200
110
101

2
1

2
1
2
1

00
10
01 0

0

3

1

s
x

xN

20
10
60

1

2

1

x
s
s

xB

E1

1 2, 20, 0x x

1 2 1

0 1 1

0 1 2

1 3 1

0 2 1

0 1 1

xN s2

s3

0

0

xB

s1
x 2

x1

30

20

10

E2

1 2, 10, 20x x

1 2 0

0 1 0

0 1 1

1 2 0

0 1 0

0 1 1

xN x1

s2

0

0

xB

s1
x 2

s3

20

30

10

E3

1 2, 0, 30x x

Table 1.2. Admissible bases and extreme points
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1.2. Software 

Very powerful linear programming software exists: CPLEX, LINDO, OSL, 
XPRESS, AIMMS, to mention only a few. Browsing in [SAL 94] gives the 
description of about thirty commercial software programs. Without publicizing any 
particular product, we use a system whose reduced version is available free on 
Internet: the solver is CPLEX and the modeler is MPL (see www.maximal-
usa.com). We detail the writing of linear programs and the interpretation of the 
results with the help of some examples. 

In our first example, we want to model a problem of a canned fruit factory. For 
the fruit, we use peaches in halves or in pieces. The peaches are of quality Q1 or Q2.
For the peaches in halves, only the first quality fruit, Q1, is chosen, while for the 
peaches in pieces, we take a mixture of fruit of qualities Q1 and Q2. However, in 
order to maintain a minimal product quality we want to have, for the peaches in 
pieces, at least 3 peaches of quality Q1 for any 2 peaches of Q2. The decision 
variables of the model are: 

– x1, the number of kg of quality Q1 peaches cut in halves; 

– x2, the number of kg of quality Q1 peaches cut in pieces; 

– x3, the number of kg of quality Q2 peaches cut in pieces. 

With a net profit of 20, 10 and 12 for each kg of x1, x2 and x3, we obtain the 
linear program below: 

max z = 20x1 + 10x2 + 12x3   [maximize the profit] 

s.t.

x1       80  [limit of peaches in halves] 

    x2 + x3  51 [limit of peaches in pieces] 

x1 + x2     150  [quality Q1 peaches available] 

     x3  50  [quality Q2 peaches available] 

  -2x2  + 3x3  0  [quality of peaches in pieces] 

 x1,   x2, x3  0 
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The modeler MPL enables the direct writing of small size models. The entry file 
is presented as follows (the non-negativity of the variables is imposed by default): 

TITLE "Canning factory"; 

MODEL MAX z = 20 x1 + 10 x2 + 12 x3;

SUBJECT TO 

x1  <= 80; 

x2 + x3 <= 51; 

x1 + x2 <= 150; 

x3 <= 50; 

-2x2 + 3x3 <= 0; 

END

The solution is found in the output file obtained: 

SOLUTION RESULT 

optimal solution found 

MAX z = 2150.8000 

DECISION VARIABLES 

PLAIN VARIABLES 

Variable Name  Activity  Reduced Costs 
--------------------------------------------------------

x1   80.0000   0.0000 
x2   30.6000   0.0000 
x3   20.4000   0.0000 

--------------------------------------------------------

CONSTRAINTS

PLAIN CONSTRAINTS 
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Constraint Name   Slack  Shadow Price 
--------------------------------------------------------

c1    0.0000   20.0000 

c2   0.0000  10.8000 

c3    39.4000    0.0000 

c4    29.6000    0.0000 

c5    0.0000   0.4000 

The solution given by the software is thus x1 = 80, x2 = 30.6 and x3 = 20.4 with a 
maximal profit of z = 2150.8. The “Slack” column indicates the values of the slack 
variables sj of the constraints cj (j = 1, 2...5). For example, the slack variable of the 
third constraint has a value of s3 = 150-(x1+x2) = 150-110.6 = 39.4. This means that, 
for the given solution, there remain 39.4 kg of quality Q1 peaches.

The second columns “Reduced Costs” and “Shadow Price” are more subtle. The 
simplex method not only solves the problem posed (the primal problem [P]), but 
also a second linear program (the dual problem [D]) that is solved simultaneously. 
The primal program is written in the canonical form as follows: 

[P]  max  z = cx

s.t. Ax b

x  0 

We associate with [P] the following program: 

[D]  min  v = yb

s.t. yA c

y  0  

For the example of canned peaches, we have:  
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1 0 0 80
0 1 1 51

; ; 20, 10, 121 1 0 150
0 0 1 50
0 2 3 0

A b c

1

2 1 2, 3, 4 5

3

; , ,
x

x x y y y y y y

x

The slack variables are denoted s  0 for [P] and t  0 for [D]. We note that t is a 
surplus, and a constraint of the form y1 + y3  20 is transformed to y1 + y3 - t1 = 20 
and t1  0. The two programs can be compared in the following manner: 

1 2 3max 20 10 12z x x x 1 2 3 4min 80 51 150 50v y y y y

s.t. s.t.

x1 s1 80

x2 x3 s2 51

x1 x2 s3 150

x3 s4 50

2x2 3x3 s5 0

x1 0

x2 0

x3 0

y1 0

y2 0

y3 0

y4 0

y5 0

y1 y3 t1 20

y2 y3 2y5 t2 10

y2 y4 3y5 t3 12

In the solution file, the solution of the dual program is found in the column 
“Shadow Price”, y1 = 20, y2 = 10.8, y3 = 0, y4 = 0 and y5 = 0.4 and the slack variables 
of the dual program in the column “Reduced Costs”, t1 = t2 = t3 = 0. The optimal 
value of the dual program is the same as the optimal value of the primal program v = 
2150.8 = z.

We can give an economic interpretation of the dual variables. In effect, the 
variable yi gives the value that we should be ready to pay for each supplementary 
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unit (kg) of the resource i. For example, this price is y2 = 10.8 for each 
supplementary kg of peaches in pieces. 

As suggested by the example indicated above, we can couple the variables si

with yi, and xj with tj. In effect, the conditions of the complementary slackness 
indicate that si x yi = 0 and xj x tj = 0. For example, s3 = 39.4 implies y3 = 0. This 
reflects the fact that the available quantity of quality Q1 peaches is not used up. 
Thus, an augmentation of these peaches is without profit, that is, the value of 
peaches of quality Q1 in this system is zero. 

The output file also gives other interesting information: 

OBJECTIVE RANGES 

PLAIN VARIABLES 

Variable Name Coefficient Lower Range Upper Range 

--------------------------------------------------------

x1 20.0000 0.0000 1E+020 

x2 10.0000 -8.0000 12.0000

x3 12.0000 10.0000 1E+020 

--------------------------------------------------------

RANGES RHS 

PLAIN CONSTRAINTS 

Constraint Name RHS Value Lower Bound Upper Bound 

--------------------------------------------------------

c1 80.0000 0.0000 119.4000

c2 51.0000 0.0000 116.6667

c3 150.0000 110.6000 1E+020 

c4 50.0000 20.4000 1E+020 

c5 0.0000 -102.0000 148.0000

--------------------------------------------------------
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These two tables describe the sensitivity intervals of the problem data. The 
interval (Lower Range, Upper Range) in the first table gives the admissible variation 
for the coefficients cj (j = 1, 2, 3) of the objective function for which the basis (and 
consequently the solution xj) remains optimal. This is a local property that describes 
the stability of the solution when we modify only one given number. In general, 
these effects are not cumulative. 

Similarly, the intervals (Lower Bound, Upper Bound) give the variations of the 
quantities bi of the resources so that the basis remains optimal. However, the 
solution associated with this basis changes. In effect, when B-1 is fixed, xB = B-1b is a 
function of the resource vector b. In addition, the prices yi are applicable exactly in 
their sensitivity interval. Consequently, a supplement of 5 kg of peaches in pieces 
gives a profit of 5y2 = 5 x 10.8 = 54 monetary units. 

Linear programming software is very efficient. It can solve problems containing 
thousands of variables and constraints. It has become an indispensable tool for 
planning and logistics in an industrial environment. 

1.3. Indivisible units 

In the preceding example, the variables can take fractional values. Thus, the 
variable x2 is valued at 30.6 kg or 30600 g. But let us consider the following 
problem: in a maritime region, empty containers are found at ports P1 (5 containers), 
P2 (7 container) and P3 (8 containers). Containers are demanded in the cities V1 (6 
containers), V2 (3 containers), V3 (4 containers) and V4 (5 containers). Transfer of 
empty containers can be done in the network described in Figure 1.3. The unit cost 
of transportation, in thousands of monetary units, is indicated on the connections. 
The objective is to find a container distribution plan at minimum cost and to decide 
in which ports the two surplus containers must be stored. The transfers are made on 
the best routes. For example, an empty container goes from P2 to V4 on the path P2

 V1  P3  V4 with a total cost of 11. 
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Figure 1.3. Network of transfer costs 

Generally, the data of a transportation problem are: 

– the vector stock(i) for the depots i = 1, 2 . . .m;

– the vector demand(j) for the destinations j = 1, 2 . . . n;

– the matrix cost(i, j) of the unit costs of sending one unit from the depot i to the 
destination j.

As Figure 1.3 suggests, transportation problems can be solved by using another 
fundamental operational research tool, namely graph theory. This approach has its 
own algorithmic (see Chapter 2). We continue to develop the preceding example 
with the algebraic version of linear programs. A transportation problem can be 
formulated in the following manner: 

m

i

n

j
ijxjitt

1 1
),(coscosmin
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1

1

s.t. ( ) 1, 2... (stock limitation in )

( ) 1, 2... (demand satisfaction)

0 integer

n

ij
j

m

ij
i

ij ij

x stock i i m i

x demand j j n

x x

where the variable xij indicates the number of containers sent from depot i to 
destination j. The modeler MPL allows a very compact formulation of this problem. 
The complete file associated with this example is: 

TITLE "Transportation problem"; 

DATA

 m=3; 

 n=4; 

INDEX

 i=1...m; 

 j=1...n; 

DATA

 stock[i]:= (5,7,8); 

 demand[j]:=(6,3,4,5); 

 cost[i,j]:=(5,3,7,10,5,9,10,11,2,5,3,4); 

DECISION VARIABLES 

 x[i,j]; 

MODEL

 MIN total cost = SUM(i,j: cost*x); 

SUBJECT TO 

 depot[i]: SUM(j:x) <= stock; 

 city[j]: SUM(i:x) >= demand; 

END
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The CPLEX solver gives the following solution: x12 = 3; x13 = 1; x21 = 6; x33 = 3; 
x34 = 5; a container remains in stock in each of the ports P1 and P2. The transfers to 
be made are described in Figure 1.4. 

Figure 1.4. Container transfer

Since it is a question of numbers of containers to transfer, only integer solutions 
are feasible. Transportation problems have the remarkable property that all the basic 
solutions (and consequently the optimal solutions obtained by the simplex method) 
are integers if the data stock(i) and demand(j) are integers. In other words, the 
inverse basis B-1 does not contain any fractional values. In effect, the elements of B-1

are of the form cofactor/detB and detB = 1. The coefficient matrices of the 
constraint that have this property are called totally unimodular.

The transportation problem is a model that is found in every toolbox of 
operations research methods. Well solved by universal linear programming 
software, totally unimodular problems (such as transportation problems) are 
therefore easy cases. 
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Let us study the following problem. A city with a bilingual population is divided 
into school zones. The students in the city must learn a foreign language and have 
the choice between English and German. Two high schools can accept the students: 
North High School and South High School. The distribution of the choices and 
distances to travel according to the zones of origin of the students are given in Table 
1.3. 

Language (number of students) Distance (km) 

Zone
German English North High 

School 
South 

High School 

1 50 200 1 2 

2 50 250 2 1 

3 100 150 1 1 

Table 1.3. Data of the problem of assigning students to high schools

The city government wants each of the two city high schools to accept between 
20% and 30% of the students who chose German. They equally want to have 300 to 
500 students enrolled in each high school. The objective is to assign students from 
different zones to the high schools so that the total distance covered by them is 
minimized. 

The data of the problem are two matrices: 

– student(i, j), the number of students from zone i = 1, 2, 3, of language j = E
(English), D (German); 

– distance(i, k), the distance from zone i = 1, 2, 3 to the high school k = North, 
South. 

The variable xijk represents the number of students from zone i, of language j
assigned to high school k. The problem of assigning the students to the high schools 
can in such a case be modeled as follows: 
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, ,
min ( , ) ijk

i j k

distance i k x

,

s.t. ( , ) ,

300 500

0.2 0.3

0 integers

ijk
k

ijk
i j

ijk iDk ijk
ij i ij

ijk ijk

x student i j i j

x k

x x x k

x x

The MPL software finds a minimum of 800 km. The associated solution is 
fractional (Table 1.4). Most software programs propose a command that enables us 
to declare integer variables. For the MPL modeler, this command is INTEGER 
x[i,j,k]. 

In fact, the total distance of 800 km is optimal and an optimal integer solution 
can be obtained by rounding the fractional values (Table 1.4). 

Zone High school Language Fractional 
solution 

Integer 
solution 

1 North D 50 50 

1 North E 200 200 

1 South D 0 0 

1 South E 0 0 

2 North D 0 0 

2 North E 0 0 

2 South D 50 50 

2 South E 250 250 

3 North D 87.5 87 

3 North E 150 150 

3 South D 12.5 13 

3 South E 0 0 

Table 1.4. Solution to the problem of student assignment
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The preceding example is simple. The integer solution is found in the 
neighborhood of the fractional solution. Unfortunately, the situation is not always so 
simple. Let us consider the following linear program: 

min  z = x1

s.t. x1 - 17x2   = 3 

x1  - 11x3   = 4 

x1   - 6x4 = 5 

x1, x2, x3, x4  0 

We know that z = x1 = 6x4 + 5  5. Consequently, a solution for which x1 = 5 is 
optimal: z = 5; x1 = 5; x2 = 2/17; x3 = 1/11; x4 = 0. 

If we impose the integrality of the variables x1, x2, x3 and x4 (that is, xi are 
integers for i = 1, 2, 3, 4), we are surprised to discover that the solution and the 
optimal value have completely changed. We obtain: z = 785; x1 = 785; x2 = 46; x3 = 
71; x4 = 130. 

Another very intuitive approach exists that can seem attractive. Let us consider 
the admissible region of a hypothetical linear program (Figure 1.5). 

Figure 1.5. Convex hull of integer solutions 
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We concentrate on integer points in the admissible region and we determine the 
contours (or facets) f1, f2, f3 that form the convex hull of integer solutions. We can 
thus use the standard simplex method with the constraints f1, f2, f3. By construction, 
the optimum is one of the integer extreme points. 

The following example in the plane (x, y) shows the disaster that such an 
approach can bring [RUB 70]. We consider below the well-known Fibonnaci 
sequence:

S1 = 1; S2 = 1; Sk = Sk-1 + Sk-2; k = 3, 4, . . . 

which gives 

1, 1, 2, 3, 5, 8, 13, 21, 34, 55 . . . 

Let Rk be the admissible region in the plane (x, y) defined by 

S2k x + S2k+1 y 2
12kS - 1 

x, y  0. 

Each Rk is simply a triangle with three extreme points. A linear program with an 
objective function of the form ax + by can be solved in a trivial manner since one of 
these three extreme points is optimal. But let us consider Ik, the convex hull of the 
integer points of Rk. For example, for the case k = 3, I3 is given by 8x + 13y  168; x

 0; y  0; x and y are integers. We can verify that I3 has 6 facets and 6 extreme 
points. In general, it is shown that the region Ik has (k + 3) facets and extreme points. 
By choosing an appropriate objective, we can force the simplex method, which in 
general starts at the origin, to make about k/2 iterations. Consequently, by choosing 
k large enough, any software will have to make as many iterations as we wish. 

Commercial software has evolved a lot during the last ten years, in particular for 
the integration of integer variables. The character of the solution procedure with or 
without integer variables is completely different. Recent linear programming 
solution methods in integer variables are enumerative: we traverse a decision tree 
and we solve, with the simplex algorithm, a linear program for each vertex. The 
method loses its universality and obtaining an optimal integer solution is not 
guaranteed for instances of large size. 
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1.4. Modeling with integer variables  

In the preceding section, the linear program applications presented concern 
fractional variables and integer variables that describe non-divisible units such as 
containers, people, etc. The linear models in integer variables are in fact quite rich. 
Numerous applications enable such formulations. Problems that a priori are non-
linear can be linearized. In this case we must introduce a large number of binary 
variables (variables with values 0 or 1). 

We present a problem for the choice of sites that illustrates this aspect. An 
enterprise wishes to construct k communication centers and has n possible locations 
to install these centers (k n). A center installed in location i has a functioning cost 
of aii , i = 1 to n. The cost of communication from center i to center j is aij (the 
matrix A = (aij) is positive). The objective is to position the centers in order to 
minimize the total cost (functioning and communication). For this problem, we 
analyze different models in the form of linear programs in integer variables.  

We define the following variables: 

xi = 1 if a center is established at location i; and xi = 0, if not. 

A quadratic program can then model the positioning of the centers: 

min ij aij xi xj

s.t. i xi = k, xi  {0, 1} 

Let us set yij = xi xj (yii = xi xi = xi). The preceding program becomes: 

min ij aij yij

s.t. i yii = k,

The constraints yij = xi xj can be formulated in several ways. We compare four 
linear formulations. 

VERSION 1.

yii + yjj - 1 yij for all i, j
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yij  {0, 1} for each i, j

These constraints are redundant except if yii = yjj = 1. In this case, yij = 1 and the 
cost of communication between centers i and j must be paid. 

VERSION 2. In version (1), it is sufficient to impose yii  {0, 1} and yij  0. In effect, 
the objective is to minimize a function whose coefficients are non-negative. Thus, 
the yij take the smallest value possible, that is, either 0 or 1. 

VERSION 3.

yii + yjj  2yij for all i, j

i j i yij = k(k-1) 

yij  {0, 1} for all i, j

The first constraint implies that if yij = 1, then yii = yjj = 1. The second constraint 
imposes the correct number of connections. Consequently, if yii = yjj = 1, then yij = 1. 

VERSION 4. We replace, in version 3, the second constraint by stronger constraints: 

j yij = kyii for all i

We want to analyze the efficiency of these models. To do that, we use the 
following data: n = 12; k = 5 and 
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121254621542
55121746543451
245245217164951212
1512576465421
12115311532781
1517865427542
2454133966445112
4271454123451254
511275443425121
317462415178
53151222142315
218787645321

ija

Table 1.5 summarizes the results obtained for the different models of the 
problem (versions 1 to 4). The “linear relaxation” line indicates the optimal value of 
the objective function if the constraint yij  {0, 1} is replaced by the constraint 0 
yij  1. The “number of vertices” corresponds to the size of the decision tree covered, 
thus to the number of linear programs solved. The total number of bases generated 
by the simplex method is given by the “number of iterations”.

V. (1) V. (2) V. (3) V. (4) 

optimal value 80 80 80 80 

number of iterations 476 407 2884 1848 

number of vertices 28 25 246 53 

time(s) (sec) 2:64 1:59 10:10 8:29 

linear relaxation 17 17 36.9 45.49 

Table 1.5. Computation time and results for the different versions

The performances of these four versions are very different. For small size 
problems, such as the one presented above, version 2 is the most efficient. For large 
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size problems, enumerative methods must be used. In this case, it is the quality of 
the linear relaxation that counts and versions 3 and 4 are preferable instead. To 
decide what model is the most appropriate is often the result of experimentation. In 
Chapter 3, models, formulations and classical operations research solution methods 
are described. 

We present a last example that shows the limit of universal software. 

A truck driver must make four deliveries with only one truck. The duration pj of 
the delivery Lj is known. This duration pj includes loading time, driving to the client, 
unloading and returning to the depot with an empty truck. We assume that this 
return time is negligible. The truck can only make one delivery at a time and must 
return to the depot between two deliveries. The clients impose the delivery deadlines 
dj and each day of delay is penalized by wj . The problem data are described in Table 
1.6. 

delivery Lj duration pj

(days) 

delay dj

(days) 

penalty wj

(monetary units 
per day) 

1 2 4 200 

2 5 6 100 

3 7 10 400 

4 4 5 200 

Table 1.6. Data of the delivery problem

The objective is to minimize the total cost of the lateness penalties. If deliveries 
are made in the order L1, L2, L3, L4, we can evaluate the penalties as indicated in 
Table 1.7. 
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Lj end of Lj : cj delay tj = max{cj - dj , 0} penalty wj tj

L1 2 0 0x200 

L2 7 1 1x100 

L3 14 4 4x400 

L4 18 13 13x200 

   total wj tj = 4300 

Table 1.7. Penalties for the order L1, L2, L3, L4

The optimal permutation is L1, L4, L3, L2 and the minimal penalty is min j wjtj =
2600. 

The formulation of this type of problem in form of a linear program in integer 
variables is a little more elaborate. The data are the n deliveries L1, L2 . . . Ln, their 
duration pj , the delay dj and the penalties wj . The continuous variables sj designate 
the instant of the beginning of delivery Lj, (cj = sj + pj is the end date of Lj). 

The n! permutations are expressed by linear constraints. For each delivery pair 
(Li, Lj) with i < j, we must decide if 

– Li is before Lj , that is si + pi sj or 

– Lj is before Li, that is sj + pj si.

We define the variables yij  {0, 1} and we impose the following two 
constraints:

Myij + si pj + sj and M(1 - yij) + sj pi + si

where M is a sufficiently large constant. Thus, if yij = 0, then si pj + sj and M + sj

pi + si. In this case, Lj is executed before Li and the second constraint is redundant. If 
yij = 1, then M + si pj + sj and sj pi + si. Thus, the first constraint is redundant and 
Li is executed before Lj. Delays are represented by the continuous variables tj  0 
that verify the constraint: 
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sj + pj - dj tj for all j

The objective is to minimize jwjtj. With random data, we obtain the results 
given in Table 1.8. 

n 4 5 6 7 8 9 10 

calculation time (sec) 0:61 0:75 0:92 1:08 1:81 5:06 21:17 

number of iterations 43 66 164 269 670 2,811 10,286 

number of vertices 6 17 38 60 164 711 3,662 

Table 1.8. Solution times for the delivery problem

For n = 13, the software attains the limit of 300 constraints authorized in the 
reduced version, but for n = 12 deliveries, the computation time explodes. In effect, 
it is greater than 15 minutes with a number of vertices greater than 159,250 and the 
number of iterations greater than 338,670. There are a number of theoretical reasons 
(of complexity) that explain this mediocre performance. For this type of “difficult” 
problem, we must often be content with approximate methods (see Chapter 3). 

1.5. Conclusion 

We have presented the fundamental concepts of modeling problems in the form 
of a linear program, as well as a highly capable solution tool. Numerous applications 
have illustrated the utility and the richness of this model. 

With the simplex method we have a universal procedure, capable of solving 
large size problems of any structure, on the condition that fractional variables are 
acceptable.

However, the most common problems include integer and binary variables. For 
this type of model, there is no universal solution method. We are obliged to exploit 
the particular structure of a problem and to test the efficiency of diverse 
formulations. Solution approaches become enumerative and we must often be 
content with approximate solutions. In the following chapters, the most important 
models will be presented and studied. 
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Chapter 2$

Graphs and Networks 

2.1. The concept of a graph 

To illustrate a complex situation we always try to make the maximum 
simplifications in order not to overload our description with unimportant details. Let 
us imagine that Figure 2.1 represents four cities connected by a system of 
expressways. The heavy traffic necessitates two roads between 1 and 2 and a bypass 
around 4. The diagram is very simplified. The distances between the cities are not 
respected and the cities are symbolized only by points. The exact layout of each 
expressway is not detailed and the figure only shows if the expressway directly 
connecting two cities exists or not. These simplifying steps are at the basis of the 
concept of a graph. The only data retained are the points and the existence of 
relations between the pairs of points. 

Figure 2.1. A graph 
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Figure 2.2. A simple graph 

 To define an (undirected) graph G = (X;E) it suffices to specify the set of points 
X = {x1, x2,..., xn} where n  1 (vertices of the graph) and the family of its edges E = 
{e1, e2,..., em}. The edges are considered as being unordered pairs from X. For an 
edge e = {x, y} the vertices x and y are called the ends of e. When x = y, e is a loop.
The network of expressways connecting four cities is thus modeled on Figure 2.1 as 
the graph G = (X;E) with X = {1, 2, 3, 4}, E = {a, b, c, d, e, f} where a = {1,2}, 
b = {1,2}, c = {1,3}, d = {3,2}, e = {3,4}, f = {4,4}; f is a loop and a, b are two 
parallel edges. We thus consider the edges as labeled pairs. Figure 2.2 represents a 
simple graph which tells us only that certain direct connections between the 
different cities exist or not (we do not pay attention to the exact number of these 
connections).

The set of vertices connected to x by an edge is called the neighbors of x and 
noted N(x). The degree d(x) of a vertex x is the number of edges having x as end (a 
loop is counted twice). If d(x)=0 the vertex x is isolated.

A complete graph, noted Kn, is a simple graph with n vertices where any two 
vertices are adjacent. Figure 2.3 represents the complete graph K5.

The following example illustrates another situation where the graph becomes an 
efficient tool of modeling which enables us to find the optimal organization.  

EXAMPLE 2.1. To guarantee security, a bank wants to install a safe with a minimum 
number of locks which satisfies the following constraint: each of the five bank 
personnel should have a certain number of keys, but it should not be possible to 
open the safe unless at least three (any three of the five) personnel are present.  

– What is the number of locks installed? 
– What is the number of keys that each person has?

According to the terms, the opening of the safe necessitates the presence of at 
least three people; thus, when only two try to open the safe, there exists a lock they 
cannot open. This situation can be modeled by the graph where a vertex represents a 
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person and an edge is interpreted as a lock the two people corresponding to the ends 
of this edge cannot open. This graph is illustrated in Figure 2.3 where the people are 
numbered from 1 to 5 and the edge a represents the lock that cannot be opened by 1 
and 5 alone; b the lock that cannot be opened by 3 and 5 only; c the lock 2 and 4 
cannot open alone, etc. We thus obtain a simple graph (it is useless to multiply the 
edges or make loops!) complete with 5 vertices (K5) and which has 10 edges. The 
safe has ten locks because the edges obviously represent different locks; if a is the 
same lock as b, then in this case the three people, 1, 3 and 5, cannot open the safe.  

The answer to the second question is that each person must be in possession of 
six keys corresponding to the non-incident edges at the vertex that represents this 
person (6 = 10 – 4). 

Figure 2.3. Personnel and locks  

This problem, in a generalized form, is covered in [XUO 92]. 

2.2. Sub-structures and exploration 

We are sometimes interested in the fragments of the given graph G = (X;E).

Figure 2.4. Graph G, a partial graph of G and the sub-graph induced by 1, 2, 4 
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When we consider all the vertices and a sub-set of edges we speak of a partial 
graph. When we consider a subset of vertices Y  X and the totality of the edges of E
whose both ends are in Y, we speak of a sub-graph induced by Y. Figure 2.4 illustrates 
these two concepts. 

A subset of vertices that are pairwise adjacent is a clique. A stable set is a set of 
vertices that are pairwise non-adjacent. When we look at the central graph in Figure 
2.4, the vertices 1, 2 and 3 form a clique and the set 1, 4 is a stable set. We can still 
partition the set of all the vertices in a graph without a loop into several stable sets. 
Figure 2.5 gives an example of a partition into 5 stable sets.  

Figure 2.5. A partition of the set of vertices of a graph in 5 stable sets

The graph is bipartite when we can partition the sets of its vertices into two stable 
sets, noted G = (X,Y;E). If each vertex of X is connected to each vertex of Y by an 
edge, we say that G is complete bipartite (it will be noted Kp,q where p and q are the 
numbers of vertices in X and Y respectively). Two examples of bipartite graphs are 
represented in Figure 2.6. 

Figure 2.6. Complete bipartite graphs: K1, 3 and K3,3
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Numerous applications are concerned with the interconnection between the 
vertices of a graph. This connection is realized by an alternate sequence of vertices 
and edges, and is called a chain. This notion corresponds to an itinerary, that is to 
say a series of cities to go through and roads to take in order to arrive at destination 
D from origin O.

Figure 2.7. A chain  

It is possible to cross the same city or the same road several times during a trip. 
If the edges of a chain are distinct, we speak of a simple chain; if the vertices are 
distinct we speak of an elementary chain. The chain is closed if this sequence begins 
and ends with the same vertex. A cycle is a simple closed chain. 

Figure 2.8. An undirected graph

Here are some examples, as illustrated in Figure 2.8:  
– simple chain: (4e3c1a2d3k5), the edges are distinct;  
– elementary chain: (1a2d3e4h5), the vertices are distinct; 
– cycle: (1c3e4g5k3d2a1), and elementary cycle: (1c3d2b1).
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2.3. Edge- and vertex-connectivity 

A graph G = (X;E) is called connected if, between any two vertices, there exists 
a chain. In graph G we call connected component each maximal subgraph having 
this property. In other words, a graph is connected if it possesses only one connected 
component. The notions introduced are illustrated in Figures 2.9 and 2.10. 

In this section we present the elementary notions and proprieties that enable the 
study of these two concepts. The interested reader will be able to consult specialized 
works [BER 73, GOL 80].  

Figure 2.9. Connected graph 

Figure 2.10. Graph with three connected components 

We are often interested in the degree of connection in communication networks 
or transportation networks in general. If we imagine that the graph in Figure 2.8 
represents a road network, we can easily see that, in order to go from 1 to 5, we can 
move even when the road c is blocked by an accident. On the other hand, if 
intersection 3 is blocked, areas 1 and 2 will be separated from 4 and 5. Two 
simultaneous accidents on roads c and d would have the same effect. 

It is easy to verify that the graph in Figure 2.8 cannot be disconnected by the 
elimination of less than two edges; we say that this graph is 2-edge-connected.

The structure of the graphs with a high level of connection is complicated. We 
are limited here to the presentation of graphs having the weakest connection. We 
call a graph that is connected and without cycle a tree. A tree is then a graph 1-edge-
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connected. A collection of trees is a forest (some vertices are not connected by any 
chain). These objects are illustrated in Figures 2.11 and 2.12. 

Figure 2.11. A tree 

Figure 2.12. A forest with 2 trees 

It is easy to see that a tree with n vertices always has n–1 edges. 

The following proprieties explain that the connection in the trees is very weak:  
– In a tree every pair of vertices is connected by a single chain.  
– If we remove any edge from a tree, the graph is no longer connected. 

An edge for which the suppression causes the disconnection of the graph is an 
isthmus. For example, each edge of a tree is an isthmus.

We are also interested in the property of connection when we successively 
eliminate vertices (we speak of vertex-connectivity). This corresponds to the case of 
the blocked intersections. For example, it suffices to eliminate vertex 3 in the graph 
in Figure 2.8 in order to obtain a subgraph with two connected components. This 
vertex is called an articulation point of the graph. A graph with at least three 
vertices and without an articulation point is 2-vertex-connected.
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2.4. Directed graphs 

We obtain a directed graph D = (X;A) if we order the ends of each edge e  E in 
an undirected graph G = (X;E). Each edge is transformed into an arc which is a pair 
of vertices (tail and head). We say that a = (x,y) leaves x and enters y.

Figure 2.13. A directed graph  

We note d–(x) (resp. d+(x)) the in-degree (resp. out-degree) of a vertex x, that is 
the number of arcs entering x (resp. leaving x). In Figure 2.13 d+(2)=2 and d–(2)=1. 
We always have: d+(x) + d–(x) = d(x). We call a source a vertex s with d–(s) = 0. A 
sink is a vertex t with d+(t) = 0.

The notion of chain can be used in the directed case, but the orientation enables 
it to be refined. A path in a directed graph is an alternate sequence of vertices and 
arcs so that the vertex, which precedes an arc, is its tail and that which succeeds it in 
this sequence is its head. The path is of length k if the sequence is composed of 
(k+1) vertices and k arcs. The path (composed of at least one arc) of which the first 
and the last vertex coincide is a closed path. If the arcs are distinct,  is a simple
path. If the vertices are distinct,  is an elementary path. We call every simple 
closed path a circuit.

Here are some examples, illustrated in Figure 2.13:  
– simple path: (4e3c1a2d3k5) – the arcs are distinct; 
– elementary path: (1a2d3k5g4) – the vertices are distinct; 
– circuit: (1a2d3k5g4e3c1), and elementary circuit: (3k5g4e3). 

Table 2.1 presents certain non-oriented objects with their oriented counterparts.  
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Non-oriented graph  Oriented graph 
edge arc 

chain path 

tree arborescence 

Table 2.1. Some oriented and non-oriented objects 

2.5. Valued graphs and networks 

We can easily enrich the concept of a graph by adding supplementary 
information. Thus, when an edge represents, for example, a road, we can associate it 
with its length in kilometers or even with the time of traversal in hours. Also, if an 
arc represents a decision, we can associate the cost (or the profit) with this decision. 
Next we present two classical problems concerning valued graphs: the shortest 
spanning tree problem in a connected undirected graph and the shortest path 
problem between two vertices in a directed graph.  

2.5.1. The shortest spanning tree problem in a connected graph 

Let G = (X;E) be a connected graph with n vertices where each edge e of E owns 
a real value l(e), called length.

Let us consider a graph with lengths of edges, as represented in Figure 2.14 with, 
as represented in Figure 2.15, some spanning trees (that is, which contain all the 
vertices of the original graph) together with their lengths.  

Let us suppose that this graph schematizes five water reservoirs which must be 
connected in order to re-equilibrate their water level. The construction of some 
canals is envisaged (an edge represents a possible canal) and their cost of 
construction is estimated (valuation of the edges). We try to determine which canals 
should be retained so that the total cost for the construction of the system is minimal. 
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Figure 2.14. A valued graph 

Figure 2.15. Some spanning trees and their lengths: l(X) = 14, l( ) = 19, l(M) = 14 

Let us try to formalize this problem. Being given a connected graph with the 
edges valued by a weight (a cost), we are looking for a partial graph which must be 
connected. The minimal connection is sufficient; thus we are interested in the trees 
covering all the vertices of the graph. For each tree A=(X;T) of G we define its 
weight as being the sum of all the lengths of its edges: 

Te

elAl )()(

and we want to find the shortest spanning tree in G – that is, one of minimum length. 
In our example we will be able to make a list of all spanning trees and thus find a 
tree of minimum weight. In general, the number of spanning trees in a given graph is 
an exponential function of the number of its vertices; thus it is impossible to realize 
the search for the tree of minimum weight by explicit enumeration. The need for an 
efficient method seems evident.  

Now we are going to present the Kruskal’s algorithm, remarkable for the 
simplicity of its concept. It examines the edges of the graph in the order of their 
lengths. To simplify the presentation we suppose that the edges in E = {e1, e2,..., em}
have been numbered so that l(ei)  l(ei+1) for i =1, 2, ..., m–1. Then, starting from the 
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set of all vertices without any edge, we add an edge at each step, the one with the 
smallest length among the edges not yet accepted, under the sole condition that this 
edge does not create a cycle with the edges already accepted. Thus each edge is 
examined (to be accepted or rejected) only once. This method yields a shortest 
spanning tree.  

Let us apply this algorithm to the graph in Figure 2.14. The edges are arranged 
naturally; we accept 1 and 2, but reject 3 because it forms a cycle with 1 and 2 
which are already chosen; we accept 4, but reject 5 (it forms a cycle with 2 and 4); 
we accept 6 and reject 7 and 8; we obtain a shortest spanning tree with length l(A) = 
13, as represented in Figure 2.16. 

Figure 2.16. The shortest spanning tree of the graph in Figure 2.14  

The concept of arranging and then examining in order is called a greedy 
algorithm. The reader interested in other efficient algorithms can consult the works 
[EVA 92, GOL 80]. 

The following example proposes an application of the shortest spanning tree 
model. 

EXAMPLE 2.2. Figure 2.17 represents the plan of a neighborhood with the existing 
buildings and the sidewalks. We are trying to lay out pedestrian passages to connect 
the houses with each other and with the exterior sidewalk so as to reserve the largest 
surface for the lawn. Since the width of the pedestrian passages is normalized, it is 
their total length that must be minimized.  

Let us replace each house and also the exterior pavement by a vertex; we thus 
obtain the complete graph K10. Its edges are valued by the shortest distances 
between the houses. These distances are easy to determine by geometric 
considerations. This graph is not illustrated here because its virtual existence is 
sufficient for us to continue the reasoning. 
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Figure 2.17. Placement of buildings in a neighborhood  

It is not necessary to make a preliminary calculation of all the distances because 
the algorithm presented examines them in ascending order. Therefore, we can look 
for them as we go along. The distances 1 are: AC, CD and FT (T signifies the 
exterior sidewalk); we accept them all; the distances 2 are: AT, BT, AB, BD, EG, 
GF, GH, HK and KT; we accept all except AB, BD and KT. Figure 2.18 represents 
the shortest spanning tree thus obtained. 

Figure 2.18. The formal solution for the pedestrian passages  

After having applied Kruskal’s algorithm, we first obtain a formal solution that 
we must transfer to the application. The optimal solution is not unique because it 
depends first on the choice in Kruskal’s algorithm when we encounter edges with 
the same length and, later, its realization for the given application (see Figure 2.19). 
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Figure 2.19. An optimal realization of the pedestrian passages  

In our optimal solution we note also that to mow the lawn we are not obliged to 
cross the planned pavement. Is it a persistent property of all optimal solutions or just 
chance? If the planned pavement divides the lawn into two separate pieces, then 
from the exterior sidewalk we can cross the neighborhood and return on the exterior 
sidewalk. The corresponding edges of the pavement form a cycle in the graph, 
which models the chosen solution. This is impossible because the optimal solution is 
a shortest spanning tree, that is, a connected graph without cycles. 

2.5.2. The shortest path  

Let G = (X;E) be a directed graph where each arc e of E owns a real length d(e).
Often we speak of distance associated with the arc, but since there is no restriction 
d(e)  0 the value d(e) can also be interpreted as the cost or the profit of a decision. 
For each path  in G we define its length: 

 ( ) =
e

d(e)

that we set as zero if  has no arc. 

Very frequently ( ) is identified with the length of the path but, evidently, 
this value can also be interpreted as the cost or the profit of a policy considered as a 
result of decisions. When the arcs all carry the value 1, the length thus defined 
corresponds to the number of arcs of the path. 
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We limit the presentation here to the problem of the shortest path between two 
fixed vertices x and y, but there exist adapted methods to find the set of the shortest 
paths between all the pairs of vertices [EVA 92, SAK 84]. 

We are looking for the minimal value ( ), that is to say the shortest distance 
from x to y, and the path  that realizes this minimum.  

In small graphs we can determine the shortest path by examining all the paths. In 
order to go from x to y in the graph illustrated in Figure 2.20, we must decide 
whether or not to pass through the intermediate vertices a, b, c or d; we then find 
24 = 16 different paths between x and y and the shortest, xby, has the length 8. 

Figure 2.20. The shortest path from x to y 

It is surprising to notice that this method becomes rapidly unexploitable because 
in a graph with about 60 vertices the explicit enumeration realized by a computer 
undertaking a million operations a second would take five centuries. This remark 
shows the necessity to use an efficient algorithm.  

In situations similar to that of Figure 2.20, where the graph does not have a 
circuit, we can apply Bellman’s algorithm [SAK 84]. But we cannot limit ourselves 
to studying only graphs without a circuit. It is evident that in the case of non-
oriented graphs, where an edge can be covered in both directions, or in numerous 
models tied to road or air traffic or in communication networks, the circuits are 
indeed present. We therefore propose Dijkstra’s algorithm [SAK 84], which 
determines the shortest path between two given vertices chosen, even in the 
presence of circuits in a graph. On the other hand, it is necessary that the distances 
assigned to the arcs are not negative.  
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Let us imagine that the circulation of traffic between some strategic points of a 
city takes place on one-way roads as represented in Figure 2.21, and the numbers 
represent the rush hour travel time in minutes. We are looking for the shortest path 
(in the sense of minimum travel time) between x and y.

Figure 2.21. The one-way sections with travel times 

Dijkstra’s algorithm will label the vertices with some numbers (noted ) on any 
outstanding arcs in the set T. We suppose that at departure the vertex x definitely 
carries the mark zero ( (x):= 0) and all the other vertices temporarily carry the mark 

(infinity) (in practice a sufficiently large number) and that the set T is empty. The 
first iteration corrects the temporary marks on all the successors of x by the addition 
of the distance. Thus, in our example, the vertices a and c receive the temporary 
marks: 

(a) = (x) + d(x,a) = 0 + 4 = 4 < 

(c) = (x) + d(x,c) = 0 + 1 = 1 < 

Then, we examine all the temporary marks and we definitely accept the 
temporary minimal mark: (c) = 1 and we put in the set T the arc (x,c), thanks to 
which the vertex c has received its mark. In general, this algorithm consists of the 
repetition of the two following operations:  

– from the last accepted vertex we correct the temporary marks on all its 
successors, i.e. we add the distances carried by the arcs connecting the last accepted 
vertex with its successors; if the new values are inferior to the former we replace 
them; 
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– we examine all the temporary marks in order to accept the minimal temporary 
mark.  

Thus, in our example, beginning with c, the vertices b, e and y receive the 
temporary marks: 

(b) = (c) + d(c,b) = 1 + 1 = 2 

(f ) = (c) + d(c, f) = 1 + 2 = 3 

(y) = (c) + d(c,y) = 1 + 6 = 7. 

Then, we accept the minimal temporary mark (b) = 2, and we put the arc (c, b)
in the set T. We repeat the two operations, correction and acceptance, until all the 
vertices are marked. Figure 2.22 presents the final result.  

Figure 2.22. The shortest paths from x to the other vertices  

The vertices have been definitely accepted  by Dijkstra’s algorithm in the order 
x, c, b, e, a, d, y, which corresponds to the increasing order of the marks: 0, 1, 2, 3,
4, 5, 6. We notice that the response is more complete than the question asked: we 
have obtained the set of the shortest paths from x to the other vertices. We can also 
stop the algorithm when the final vertex of the sought path is definitely marked. 

If we are interested in extremal circuits and paths, we obtain remarkable routings 
that are frequently encountered in numerous applications and widely studied in 
theory. In order to determine the optimal organizations of routes to pick up 
household refuse, we look for the circuit of minimum length that enable the route to 
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pass through each garbage site. In a graph, a path that passes only once through each 
vertex of the graph is called Hamiltonian (it consists of n – 1 arcs and n vertices). A 
Hamiltonian circuit is a circuit that passes through each vertex only once. Such a 
circuit consists of n arcs and n vertices. A graph is called Hamiltonian if it possesses 
a Hamiltonian circuit. In the non-oriented case we naturally obtain the concepts of 
chain, of cycle and of Hamiltonian graph. We owe the very first result in this matter 
to Sir William R. Hamilton (1805–1865), an Irish mathematician. The problem of 
the existence of Hamiltonian elements in an arbitrary graph is very difficult. Figure 
2.23 represents the Petersen graph, which is the smallest graph that contains a 
Hamiltonian chain, but does not contain a Hamiltonian cycle. 

Figure 2.23. Petersen graph

The preceding concept is based on the constraint of passing only once through 
each vertex. Another idea is to cross all the edges (all the arcs) only once. This 
problem is given for a postman who must distribute the mail in the letterboxes that 
are found along the streets (modeled by the edges). 

In a graph, a path that passes only once through each arc is called Eulerian. An 
Eulerian circuit is a circuit that passes only once through each arc. A graph is called 
Eulerian if it possesses a Eulerian circuit. In the non-oriented case we obtain the 
concepts of chain, of cycle and of Eulerian graph. These objects were studied by 
Leonhard Euler (1707–1783), a Swiss mathematician. 

Figure 2.24. Graph that admits a Eulerian chain between x and y

yx
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A connected graph admits a Eulerian chain if and only if the number of vertices 
of odd degree is 0 or 2. Figure 2.24 represents a graph that is not Eulerian, but that 
admits a Eulerian chain between the vertices x and y.

In spite of the similarity of these two problems, it is necessary to know that the 
problem of the existence of a Eulerian element in a graph is easy, unlike the 
Hamiltonian problems. 

2.6. Assignment and coloring 

2.6.1. Matchings 

To introduce the notion of matching, let us begin with an example. 

EXAMPLE 2.3. [BER 73] During the Second World War, British flights were made 
with two-seater airplanes. To form a team, complementary competencies were 
necessary (piloting and firing for example) and certain pilots could not form a team 
in the same airplane because of differences in language or habits. How should the 
teams be organized in order to have the maximum number of airplanes?  

In order to model this problem we can construct a graph whose vertices represent 
the pilots and whose edges represent the possibilities to put together two pilots in the 
same team. The teams that can be formed simultaneously constitute a set of edges 
that are two by two non-adjacent. Such a set of edges is called matching. If we are 
interested in the maximum number of planes that can be used simultaneously, we 
look for a matching of maximum cardinality (see Figure 2.26). We say that a vertex 
x is saturated by a matching M if there exists an edge of M attached to x. In the 
opposite case, we say that the vertex x is unsaturated by M. The matching is perfect 
if it saturates all the vertices in the graph.  

 Let us consider a matching M in a graph (the thick edges in Figure 2.25). The 
fine edges belong to a graph G = (X;E), but do not belong to the matching chosen. 

We call an alternating chain (relative to the matching M) a simple chain (i.e. not 
using the same edge twice) composed of the edges that are alternately in M and in 
E – M (i.e. alternately in the thick and fine edges). 
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Figure 2.25. An alternating chain 

An alternating chain joining two vertex unsaturated by M is called an 
augmenting chain: by interchanging the fine edges and the thick edges along this 
chain we obtain a new matching with a number of edges augmented by 1.  

This method works efficiently in bipartite graphs. 

Figure 2.26. Matching of maximum cardinality

Let us suppose that the edges in the graph represented in Figure 2.26 indicate the 
possibilities of forming a team in the situation of the example in Figure 2.3. We 
have ten people but we cannot form five teams. The thick edges represent a 
maximum matching. Without detailing the algorithm that enables us to find it, we 
will only justify that the proposed matching is maximum: each edge of the graph is 
incident to at least one vertex of the set of three vertices (2, 4, 7); thus no matching 
can have more than three elements. 

We can generalize the method of alternate chains in arbitrary graphs, which are 
not necessarily bipartite. The following examples show some situations where we 
search for matchings with certain properties. 

EXAMPLE 2.4. Let us suppose that we know the exact performances of 2n cyclists 
(for example, their best time over 20 km). We want to form n teams for the tandem 
race. We suppose that each couple will obtain the result that is the weakest of the 

1 2 9 4 7 8 

5
10

6
3



48      Operations Research and Networks 

two. How should the teams be created so that the total time of the n tandems is the 
least possible? 

EXAMPLE 2.5 [LOV 86] Let us suppose that a geological study enables us to localize 
numerous deposits of oil. Drilling from the surface is very expensive; we can 
envisage the exploitation of a second deposit beginning with an already explored 
neighboring deposit (see Figure 2.27). We can estimate the cost of each extension 
envisaged. We must determine the least expensive drilling plan.  

Examples 2.4 and 2.5 have a common model. We must consider the complete 
graphs in the sets of vertices (the cyclists or the oil deposits). The edges will be 
valued by the weakest result of two cyclists in the first case and by the cost of 
drilling between two oil deposits in the second case. We are searching for a 
matching of maximum cardinality, of which the sum of the weights of all its edges is 
minimal – we are speaking about the matching of minimum weight. 

Figure 2.27. Oil deposits

Efficient algorithms also exist to search for a perfect matching of minimum 
weight (with valued edges) [EVA 92, LOV 86]. This problem can also be 
formulated as a linear program and thus becomes an example of the transportation 
problem (see Chapter 1). 

2.6.2. Vertex colorings 

To find the solution for certain problems, we search for a partition of the sets of 
vertices in an undirected graph into stable subsets. Figure 2.5 shows a graph whose 
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stable set 1 = {A; G; H} 

stable set 2 = {B; E} 

stable set 3 = {C; F} 

stable set 4 = {D} 

vertices have been partitioned into five stable subsets. It is convenient to identify 
this partitioning by the coloring of the vertices. We will first number the colors 1, 
2, ..., k. We call a k-coloring an assignment of these k colors to the vertices, so that 
the two ends of each edge receive two different colors. This implies that the set of 
vertices of the same color is a stable set of G (subset not containing any edge). The 
graph in Figure 2.5 is therefore 5-colorable.  

We generally try to find a coloring as economically as possible, that is, that 
minimizes the number of colors used. This minimum number of colors is called the 
chromatic number of the graph. 

Figure 2.28. A 4-coloring of the graph in Figure 2.5 

In Figure 2.28 we have represented a partition of the graph in Figure 2.5 in four 
stable sets. In this case we can easily prove that the chromatic number is 4 because 
the four vertices, labelled A, B, C and D generate as a subgraph, the complete graph 
K4, for which 4 colors are obviously necessary. 

Unfortunately, it is not always possible to use this obvious certificate, as is 
shown in the example of the cycle of length 5, represented in Figure 2.29. Here the 
largest complete graph generated is K2 and nevertheless the chromatic number is 3. 
The existence or not of this certificate has led to the definition of an interesting class 
of graphs called perfect [BER 73].  
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Figure 2.29. Imperfect graph 

The determination of the chromatic number is, in general, a very difficult 
problem which has given rise to much of the leading research in graph theory. We 
can easily observe that this number is always less than the number of vertices in a 
graph since the assignment of a different color to each vertex is a coloring. Also, if 
Kp is a clique of G (set of vertices two by two adjacent), all colorings of G must use 
at least p colors in Kp (but eventually this number of colors is not sufficient to color 
the whole graph). This means that the chromatic number of a graph is situated 
between the number of vertices of its clique of maximum size and the total number 
of vertices.  

The following examples show numerous situations where the coloring of the 
graph can be easily applied.  

EXAMPLE 2.6. A chemical factory manufactures eight products A, B, C, D, E, F, G 
and H. The following table indicates that stocking certain chemicals together in the 
same storage area is prohibited because it is dangerous: 

Table 2.2. Incompatibilities (yes) of the chemicals 

 A B C D E F G H 

A no yes yes yes yes yes no no 

B  no yes yes no no no no 

C   no yes yes no no no 

D    no yes yes yes no 

E     no yes yes yes

F      no yes yes

G       no no 

H        no 
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It is necessary to determine the minimum number of storage areas the factory 
must have at its disposal. 

EXAMPLE 2.7. A car rental company wants to satisfy eight requests in the following 
time intervals (start; finish): A(5h; 13h), B(6h; 9h), C(7h; 11h), D(8h; 15h), 
E(10h; 19h), F(12h; 20h), G(14h; 17h), H(18h; 21h). One vehicle can satisfy several 
requests as long as the time intervals do not overlap. We must find the minimum 
number of vehicles that the company must have.  

EXAMPLE 2.8. Figure 2.30 represents the diagram of aerial traffic between certain 
airports. The planes fly extremely fast, but for security reasons it would be 
preferable to assign two different levels of cruising, to two lines whose trajectories 
cross each other. It is necessary to determine the minimum number of  
levels necessary. 

Figure 2.30. Flight lines 

The situation of these three examples must first be modeled as graphs. Example
2.6 is the simplest. We consider the products as the vertices and an edge between 
two vertices represents the danger of stocking two products together. In this graph 
model, the products stocked in the same storage area must represent a stable set. The 
minimum number of storage areas is thus the chromatic number of the graph. Figure 
2.28 gives an optimal solution to this problem. 

In Example 2.7, it suffices to study the graph whose vertices are the requests 
(considered as intervals of time) and to connect two vertices by an edge if and only 
if the intersection of their intervals of time is not empty. Such a graph is called an
interval graph. A vehicle can satisfy several requests if those requests form a stable 
set. We are finally in a situation identical to the preceding example (see Figure 
2.28). 
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In Example 2.8, the notion of time disappears and it is necessary to consider the 
lines as vertices and to define an edge between two vertices if the two routes carried 
out at the same level have a point of intersection. We can assign without risk the 
same level to the routes that form a stable set. The minimum number of levels 
necessary for all the lines is, once again, the chromatic number of the graph. By 
assigning to the different flights the following labels: A = c2, B = a4, C = b3, D = d1, 
E = a8, F = b5, G = c4 and H = d4, we once again obtain the graph in Figure 2.28.

EXAMPLE 2.9 (inspired by [GOL 80]) The diagram in Figure 2.31 represents the 
organization of the traffic at an intersection with five roads. 

Figure 2.31. Intersection with traffic light 

Numerous routes intersect and we envisage managing the traffic with a three-
color traffic light (associated with each letter). Security requires that the green light 
be lit only on certain roads in order to allow the circulation of cars whose directions 
do not intersect. In a cycle of traffic lights it is thus necessary to foresee several 
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green light phases to move all the traffic. What is the number of green light phases 
at this intersection? 

To answer this question it suffices to set up a graph whose vertices represent the 
roads where we envisage putting a traffic light, and the edges indicate a possible 
collision (see Figure 2.32). The partition of the set of vertices in 5 stable sets: 
S1 = {a, b, c, d}; S2 = {e}; S3 = {f, g}; S4 = {h, i, j}; S5 = {k, l} is minimal because 
the set {b, e, g, i, k} generates the complete graph K5. This means that our 
intersection needs five traffic light phases.  

Figure 2.32. Conflict graph at an intersection 

2.7. Flow in networks 

To present an interesting model that can be applied in numerous real situations, 
we will begin with an example.  

EXAMPLE 2.10. To deal with an exceptional demand, a travel agency wishes to send 
the maximum number of clients from Paris to Athens. There is no more space on the 
direct flight Paris-Athens, but we are studying flights with a stopover. Table 2.3 
indicates all the seats now available in European airline companies. What is the 
maximum number of passengers that can fly from Paris to Athens under these 
conditions?  
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Flight Seats available
Paris-Nice 6 

Paris-Geneva 6 
Nice-Rome 5 

Geneva-Rome 4 
Geneva-Vienna 3 
Rome-Athens 7 
Vienna-Athens 4 

Table 2.3. Seats available on certain flights 

Figure 2.33. Flights with a stopover 

In Figure 2.33 the simple graph, oriented with the arcs valued, regroups all the 
data of the problem. We note the existence of two particular vertices: 1 (the source) 
and 6 (the sink). The framed numbers that represent the tickets available on each 
flight are called the capacities of the arcs. A simple directed graph G = (X;E) with 
two favored vertices: s (the source) and t (the sink) and the capacities of the arcs is a 
network.

s=1 Paris 
2 Nice 
3 Geneva 
4 Rome 
5 Vienna 

t=6 Athens 
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Figure 2.34. Two first ticket assignments 

In this network each traveler must take a path from 1 to 6. In order to guarantee 
the stopover we must pay attention to the limited passenger capacity on the path 
chosen. It is clear that we cannot send more than four passengers in the direction 
1 3 4 6. On each flight (1, 3), (3, 4) and (4, 6), the agency can therefore reserve 
four tickets and the transfer (with stopover) of four passengers will be possible. The 
path 1 3 4 6 is no longer available because arc (3, 4) is saturated. However, 
many other possibilities remain. To augment the number of passengers, we can put 
two more passengers on flight 1 3 5 6. In total it is now necessary to reserve 
six tickets on (1, 3) (this arc becomes saturated), four on (3, 4) and (4, 6), and two 
on (3, 5) and (5, 6). The last path that remains available is 1 2 4 6 where we 
can send three more passengers. There is no longer a path augmenting the number of 
passengers. The respective quantities of tickets to reserve on each flight are 
represented in Figure 2.35. 

2

4

3

5

6
4

2

2

4

0

0

+2



56      Operations Research and Networks 

1

2

3

4

5

6
7

2

2

4

3

6

3

9

Figure 2.35. A possible solution to the problem of flights with stopover

The agency wants to know the number of tickets fx,y to reserve on each line 
(x, y). The quantity fxy carried by an arc (x, y) E is called the flow. This flow must 
always be situated between zero and the capacity of the arc. If we want to calculate 
the total number of passengers that will travel on this network we can, for example, 
add the reserved tickets on two arcs leaving from 1: 3 + 6 = 9. Also, we can make 
this addition on the arcs arriving in 6 (7 + 2 = 9). Figure 2.35 thus represents a 
solution (possible, but not optimal) that enables the transportation of a total of 9 
passengers between Paris (the source) and Athens (the sink). By adding an arc, 
called the return arc, between Athens and Paris (see also Figure 2.35) the flow f6,1
describes this total quantity.  

To be able to continue the flights at each airport, the flow of arriving passengers 
must be equal to the flow of departing passengers. Thus we arrive at the principal 
notion of this chapter: we call flow in the network the set of the flow values {fx,y}
verifying the two following properties: 

1) for each arc (x, y) E, 0 fxy cxy ;

2) for each vertex x, x s et x p, we have: 
y z

zxxy ff .

The first property demands that the flow on an arc is not negative and does not 
exceed the capacity of this arc. The second property, the flow conservation law in x,
means that the total flow leaving from x is equal to the total flow entering in x. To 
simplify the notations, we consider here that the flow f is defined for all the pairs of 
vertices, setting the flow equal to zero on all the non-specified arcs. 
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The flow value f, that one notes val(f), is the sum of the flows leaving from the 
source. It is also the sum of the flows entering the sink. In the problem of the 
maximum flow we are searching to maximize this value. 

Let us mention that this problem of sending the maximum number of passengers 
can be naturally formulated as the following linear program: 

maximize: z = val(f)= f6,1

subject to: 0  f1,2  6, 

0  f1,3  6, f6,1 = f1,2 + f1,3  (depart from Paris) 

0  f2,4  5, f1,2 = f2,4   (stopover in Nice) 

0  f3,4  4, f1,3 = f3,4 + f3,5  (stopover in Geneva) 

0  f3,5  3, f2,4 + f3,4 = f4,6  (stopover in Rome) 

0  f4,6  7, f3,5 = f5,6  (stopover in Vienna) 

0  f5,6  4, f4,6 + f5,6 = f6,1  (arrive in Athens) 
  fi,j integer 

The problem can thus be solved by the general methods of linear programming 
presented in the preceding chapter. In the case of the flow, the simplex method 
furnishes by default an integer solution. However, numerous specific methods that 
are more efficient exist to solve the maximum flow problem. We have easily 
obtained an interesting solution by augmenting the flow on the paths between s and 
t. We will now explain how this idea can be refined to obtain an optimal solution. 

Figure 2.36. The passengers in a cut of the network 

Remember that the total flow is calculated at departure (at the source) and on 
arrival (at the sink). This flow is also conserved during the flights. To verify it, we 
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must be capable of controlling all the paths between the source and the sink. For 
example, by removing from our network the three arcs (2, 4), (3, 4) and (3, 5) we get 
a rupture between 1 and 6 because any path from 1 to 6 is strictly obliged to pass 
through one of these arcs. This means that we find on the three arcs all the 
passengers who are travelling from 1 to 6. In effect, we note that: 3 + 4 + 2 = 9 (see 
Figure 2.36). It is convenient to introduce the notion of a cut, which separates the 
source s and the sink t. Such a cut is a set of arcs so that, if we remove them, the 
partial graph remaining no longer contains a path from the source to the sink. For 
example, the suppression of the three gray arcs in Figure 2.37 would have this 
effect. The cut partitions the set X of the vertices of the graph in two subsets S and
X – S, so that s  S and t  X – S (in Figure 2.37 we note that S ={1, 2, 3}). A cut 
separating the source from the sink is naturally associated with this set S because 
this cut consists of all arcs of E leaving S and entering X – S. If no ambiguity results 
from this we will identify the cut and the set S with which it is associated.  

We know the capacities of the arcs, so we can also calculate the capacity of a 
cut, denoted by cap(S) and given by the formula: 

)(Scap
Sy
Sx

xyc

The cut {(2, 4), (3, 4), (3, 5)}, associated with the set of vertices {1, 2, 3}, is 
illustrated in Figure 2.37. Its capacity is 5 + 4 + 3 = 12. 
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Figure 2.37. The cut associated with {1, 2, 3} and its capacity 

Since we find all the passengers who travel from s to t on any cut separating s
and t, it is obvious that any flow value will always be less than or equal to the 
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capacity of any cut. In particular, the maximum flow is less than or equal to the 
minimum capacity of a cut. One of the most important results in combinatorics says 
that the maximum value of a flow in a network is always equal to the minimum 
capacity of a cut in this network. If, for a flow f and a cut S, we observe equality: 
val(f)=cap(S), then the flow is of maximum value and the cut of minimum capacity. 
We can use this fact to confirm optimality. 

The two problems relative to a network – to determine a flow of maximum value 
and to determine a cut of minimum capacity – are closely related. We present below 
an algorithm to find the maximum flow, to indicate a minimal cut and also to 
demonstrate formally the result cited above. 

In Table 2.4 we enumerate all the cuts that separate 1 and 6 in the network of 
Figure 2.33.  

Set S  Associated cut  Capacity Set S  Associated cut Capacity 

1 {(1, 2); (1, 3)} 12 1, 3, 4 {(1, 2); (3, 5); (4, 6)} 16 

1, 2 {(1, 3); (2, 4)} 11 1, 3, 5 {(1, 2); (3, 4); (5, 6)} 14 

1, 3 {(1, 2); (3, 4); (3, 5)} 13 1, 4, 5 {(1, 2); (1, 3); (4, 6); (5, 6)} 23 

1, 4 {(1, 2); (1, 3); (4, 6)} 19 1, 2, 3, 4 {(3, 5); (4, 6)} 10 

1, 5 {(1, 2); (1, 3); (5, 6)} 16 1, 2, 3, 5 {(2, 4); (3, 4); (5, 6)} 13 

1, 2, 3 {(2, 4); (3, 4); (3, 5)} 12 1, 2, 4, 5 {(1, 3); (4, 6); (5, 6)} 17 

1, 2, 4 {(1, 3); (4, 6)} 13 1, 3, 4, 5 {(1, 2); (4, 6); (5, 6)} 17 

1, 2, 5 {(1, 3); (2, 4); (5, 6)} 15 1, 2, 3, 4, 5 {(4, 6); (5, 6)} 11 

Table 2.4. Set of all the cuts that separate 1 and 6 in the network of Figure 2.33  

The number of cuts is exponential (in our case, from four intermediate vertices 
{2, 3, 4, 5} we can create 24 = 16 subsets) and in general we will not be able to 
search for the cut of minimum capacity by enumeration. The following example 
shows that we are sometimes directly interested in the minimum cut in a network. 

EXAMPLE 2.11. Let us assume that the graph in Figure 2.33 illustrates a system of 
canals planned for the evacuation of rainwater from the area s = 1 toward the area 
p = 6. The number on each arc represents the capacity of evacuation in m3/s. We 
must determine the cuts where we must anticipate in priority an augmentation of the 
capacity of evacuation in case of an exceptional rising of the water.  
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Table 2.4 indicates that the cut {(3, 5); (4, 6)}, associated with {1, 2, 3, 4}, has a 
minimum capacity of 10 (= 3 + 7).  

REMARK. Formally, the value of a flow f is defined by: 

Sz
Sx

zx

Sy
Sx

xy ffval(f)

where S is a cut separating the source from the sink because it is sometimes 
necessary to take into account the entering arcs in a cut. In Figure 2.36 for example, 
in order to find the 9 travellers in the cut {1, 2, 4} we must subtract: 6 + 7 – 4, i.e. it 
is also necessary to subtract the entering flow. 

Figure 2.38. The cut associated with {1, 2, 4}  

Here is a method, historically the first, to solve the problems stated. Let us 
suppose that we have already determined a flow f (may be not yet optimal) in a 
network. We are next interested in chains = {s=x0, e1, x1, e2,..., xk-1, ek, xk}, that is, 
alternate sequences of vertices and arcs so that, for every i, the arc ei has xi-1 and xi
as extremities (without specifying which is tail or end, as in the undirected case). 
Such a chain is called augmenting to xk, if its forward arcs are not saturated and its 
reverse arcs carry a flow that is not zero. In other words, for each arc ei we have: 

f(ei) < c(ei) if ei =(xi-1, xi) and f(ei) > 0 if ei=(xi, xi-1)

If xk = t (the sink),  is called simply an augmenting chain.

Let us designate by + ( –) the set of forward (reverse) arcs of an augmenting 
chain . Let us consider a new flow defined by: 
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f(ei) + if ei
+

f(ei) := f(ei) – if  ei
–

 f(ei) if  ei

   
where  = min {minei  + [c(ei) – f(ei)]; minei  - f(ei)}.

This new flow is realizable (the law of conservation and the capacities of the arcs 
are respected) and the value of the flow thus augments by .

The augmenting chain method, an algorithm attributed to Ford and Fulkerson, 
consists of the repetition of the two following operations:  

– from an existing flow (initial flow is zero everywhere) search in G for an 
augmenting chain   and determine its value of augmentation ;

– change the flow according to the given formula. 

In practice, we realize some direct or indirect labeling procedures. 

The existence of an augmenting chain clearly implies that the flow f is not of 
maximum value. Since the reverse is then also true, either the flow f obtained after 
several iterations is of maximum value, or an augmenting chain exists and we can 
reiterate the algorithm. It is still necessary to ensure that this algorithm stops, but we 
will not enter into these theoretical conditions here. 

If the network with the flow f contains no augmenting chain (to the sink), the set 
of vertices x, for which there exists an augmenting chain to x, gives a cut of 
minimum capacity.  

We can now finish our numerical example. From the flow in Figure 2.35 we note 
that there is no longer an augmenting chain between 1 and 6. In effect, if we take 
away two arcs from this network, those of capacity 6 and 7, saturated by the present 
flow, no path between 1 and 6 exists. The augmenting paths arrive at 2 and 4. The 
cut associated with S = {1, 2, 4} is of capacity 13. The flow obtained only has the 
value 9, which means that this flow is poorly distributed in this network because we 
have a capacity sufficient to leave the cut that is now blocking us. In order to allow a 
better distribution we find an augmenting chain = {1 2 4 3 5 6}. The 
change with  = 1 results in a flow of value 10, as illustrated in Figure 2.39.  

When we try to carry out another iteration of the algorithm we notice that 
beginning with vertex 1 there exist augmenting chains to 2, 4 and 3. We easily 
verify that the cut associated with the set S = {1, 2, 3, 4} attains the value 10 (see 
also Table 2.5), which also confirms that the flow is maximum and the cut 
minimum.  
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Figure 2.39. An augmenting chain and the resulting flow  

Figure 2.40. The maximum flow and the minimum cut

The total flow can always be decomposed into several flows on paths between 
the source and the sink (in the example presented, the path 1 3 5 6 and the path 
1 3 4 6 each transport the flow of value 3; the path 1 2 4 6 carries a flow 
of value 4). However, a priori, it is difficult to choose the right paths. The chains 
enable possible corrections.  

Here are some examples of the application of the flow model: 

EXAMPLE 2.12. The mail is currently transported from a source S toward its 
destination D by train (T), plane (A) and truck (C), passing by an intermediate city 
(service stop) according to Figure 2.41 where, on each arc, we have indicated the 
capacity of the means of transport (the framed numbers). 
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Figure 2.41. Capacities of mail transport 

The flow model enables us to find the maximum volume of mail that can be sent 
from S to D, as well as its distribution among the different means of transportation. 
There are three augmenting paths and we easily arrive at a value of 41. This limit is 
justified by the cut of minimum capacity. 

Figure 2.42. Maximum volume of the mail

To augment the volume of mail, we install in the intermediate city a transfer 
center where the mail can be redistributed among the different means of transport 
with the following capacities: the transfers from A toward T, from T toward A and 
from C toward A are each of capacity 3; the transfers from A toward C and from T 
toward C are each of capacity 4 and the transfer from C toward T is impossible. 

To find the maximum volume of mail that can be sent in these conditions, we 
can remark that only the transfers that are represented by the arcs leaving the cut are 
interesting. This concerns TA and CA.  

The new flow of value 47 is maximum, which is confirmed by the cut of the 
same capacity. 
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Figure 2.43. Augmentation of the volume of mail due to transfer 

The maximum flow problem finds a rather unexpected application where one 
wants to determine the optimal exploitation plan for an open-air pit of a mineral 
deposit. The following example is inspired by a result of J.-C. Picard [PIC 76].  

EXAMPLE 2.13. The mineral deposit is partitioned in thousands of relatively small 
blocks (cubes of 10 m sideways, to give an idea). Through the rate of mineralization 
we can estimate the commercial value of the ore in each of these elementary blocks. 
The open-air pit exploitation obviously supposes that a block cannot be extracted 
unless the part above has been removed beforehand. In addition, security constraints 
impose a maximum angle (generally 45°) in front of the advancement of the quarry 
walls to eliminate the risk of collapse. 

Figure 2.44. Open-air mineral deposit 

 We suppose as known the cost of extraction of each block number i (not 
cumulated with the cost of extraction of the part above). This determines the net 
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profit pi of the extraction of the block i. By considering a pit P as a set of cubes, we 
obtain the total net profit of the creation of this pit equal to 

Pi

pi. It is clear that 

every set does not have to constitute a realizable pit, because in order to extract an 
element we must also extract all the cubes forming a vertical cone pointing to this 
element.  

To enable the reader to better understand the model, we have presented in Figure 
2.44 the situation in two dimensions (width and depth); the generalization in three 
dimensions is not a problem. We consider the oriented graph G = (X;E) where the 
vertices X are all elementary cubes and where we put an arc (x, y) between the two 
cubes x and y when it is necessary to extract y before x. The subset P of the vertices 
that form a realizable pit are characterized by the following property: if a vertex x
belongs to the pit P and if there exists an arc (x, y), then y also belongs to the pit P.

We can associate with each vertex x of the graph G its net profit from extraction 
px. The problem consists of finding a realizable pit P that maximizes 

Px
px. Here is 

a clever transformation of the problem of minimum cut. We can first partition the set 
of vertices X in two parts A and B, where A = {x  X | px  0} and B = {x  X | px<0}. 

We will construct a new graph G’ = (X’;E’) by adding two particular vertices: s
(a source) and p (an abstract sink) and the supplementary arcs (s, a) for all vertices 
a  A and (b, p) for all vertices b  B. Let us assign to each new arc (s, a) the 
capacity csa = pa and the capacity cbp = (–pb) to each arc (b, p). The capacities of the 
original arcs of G = (X;E) are infinite. 

It is very easy to see that P is a realizable pit if, and only if, the capacity of the 
cut P {s} is finite, because an infinite capacity for an arc (x, y) departing from this 
cut (x  P and y  P) means that we must extract y before x and y  P. We can thus 
calculate the capacity of the pit P  {s}:

PAa

csa + 
PBb

cbp =
PAa

pa + 
PBb

 (– pb) =
Ax

px – 
Px

px = const. – 
Px

px

The maximizing of 
Px

px is thus equivalent to the minimization of the capacity 

of a cut. We can conclude that the minimum cut in the graph G’ = (X’;E’)
determines the optimal realizable pit in our problem. This categorically transforms 
the fact that in reality we are trying to find an ideal equilibrium, because the 
extraction of blocks rich in ore implies costly preliminary extractions.  
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-5
+9

Figure 2.45. Commercial values of ore 

   
    

          

Figure 2.46. Vertices of the future graph 

Let us study the numerical example illustrated in Figure 2.45. The commercial 
value of the ore in each elementary gray block is –5 and in each elementary black 
block +9. 

Before modeling as a graph, we can limit ourselves to the interesting blocks and 
those whose extraction is required by the constraints of security (a maximum angle of 
45°). 

The graph model is presented in Figure 2.47. In order not to overload the 
drawing, certain obvious arcs have been purposely left out (if it is necessary to 
extract y before x and also z before y, that obviously implies that one must extract z
before x).  

We leave to the reader the determination of the maximum flow; its value is 105. 
The arcs of the minimum cut are illustrated in Figure 2.48. 
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Figure 2.47. Modeling the ore deposit as a graph 

Figure 2.48. The cut of minimum capacity 



68      Operations Research and Networks 

The terminal vertices of the arcs leaving from s indicate the elementary blocks s 
rich in ore that must not be extracted. The initial vertices of the arcs entering p
indicate the elementary blocks whose extraction is costly but necessary to attain 
certain rich blocks. We present in Figure 2.49 the profile of the corresponding 
mineral deposit (in gray dots). 

Figure 2.49. Optimal mineral deposit

2.8. Conclusion 

In this chapter we have presented the fundamental concept of a graph. This 
abstract object has been introduced using real situations, and we have illustrated its 
utility in numerous examples. We have shown that a graph formalizes complicated 
problems in their realistic description, and that its simple structure enables us to 
systematically deduce an algorithmic solution. The concepts presented are the basis 
of the subjects treated in the other chapters of this work. As a more important 
example we have illustrated how research becomes operational: a study of the 
maximum flow and of the minimum cut, which is of great theoretical utility, also 
finds an unexpected application in the realization of an open-air pit of mineral 
deposit.  
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Chapter 3

Classical Combinatorial Problems
and Solution Techniques 

3.1. Introduction 

The objective of this chapter is firstly to present the classical combinatorial 
problems used for modeling concrete situations. These problems will be described in 
different paragraphs, and regrouped according to common characteristics. Secondly 
(section 3.3), we will present some elements of the theory of complexity. This 
theory allows us to classify optimization problems as easy problems and difficult 
problems according to the level of difficulty of their solution. To conclude, some 
solution approaches of difficult problems will be presented (section 3.4). A section 
will be dedicated to the methods of relaxation and followed by a description of 
methods of approximate solutions and optimal solutions. The methods of 
approximate solutions, also called heuristics, allow us to obtain a realizable solution 
(that is, which respects the constraints) and for which the value of the performance 
criterion is not too bad. The optimal solution methods, also called exact methods, 
allow us to obtain better solutions by means of an execution time that is often 
elevated. In order to illustrate our proposal, we will use the so-called traveling 
salesman problem, a problem that will be defined in the first part of this chapter. 
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3.2. Classical optimization problems  

3.2.1. Introduction 

The combinatorial optimization problems addressed in the literature most of the 
time come from concrete situations in industry or services. They represent a 
simplified view of a situation and their solution helps us to make decisions.  

Most often, an optimization problem presents itself as an objective to pursue 
(maximization of a profit, minimization of a distance or of a cost, etc.). This 
objective can be mono- or multicriteria. In this chapter, we will stress and speak 
about monocriteria problems; some elements on multicriteria optimization can be 
found in [ROY 93]. Possible solutions to these problems must respect a set of 
constraints linked to the situation studied. One of the basic techniques for the 
formalization of these problems is linear programming, as we have seen in  
Chapter 1. 

In the following discussion, we will present the classical combinatorial problems 
by trying to class them according to their common characteristics. We will address, 
in order, problems of combinatorial optimization in graph theory, problems of 
assignment, transportation, location and scheduling. Most of the problems presented 
here will be addressed in more detail in other chapters; that is why we will limit 
ourselves to a summary description. We explain for each problem described whether 
it is easy or difficult to solve in general. This judgement about the difficulty of the 
problems is directly connected to notions detailed in section 3.3, which is dedicated 
to the theory of complexity [GAR 79]. 

3.2.2. Combinatorial optimization problems in graph theory 

Graphs are a powerful modeling tool and are very intuitive. They are of course 
used to represent transportation or communication networks, and more generally the 
flow of materials or information. They are also used to model problems in which 
objects are in relation, the vertices of the graph representing these objects and the 
edges (or arc if an orientation is considered) the relations between these objects 
[DIE 00]. 

In order to solve an optimization problem using a graph representation, it is often 
necessary to search for a particular element in the graph modeling the situation. The 
classical problems have already been presented in Chapter 2. We will refer to them 
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briefly and add extensions; some of them will be detailed in the following chapters. 
The classical problems are: 

– the minimum spanning tree problem (easy problem); 
– the maximum cardinality matching problem (easy problem). In the case of 

graphs for which weights are associated with the edges, the most well-known 
variants are the search for a maximal matching of maximum weight (easy problem) 
and the search for a maximal matching of minimum weight (difficult problem); 

– the search for the shortest path (easy problem). While the problem of the 
search for the shortest path can be solved by efficient algorithms, the problem of 
finding the longest path is a difficult one; 

– the coloring of graphs (difficult problem). These problems are frequently used 
in telecommunications, for the assignment of cell phone frequencies for example 
(see Chapter 8); 

– the maximum flow problem (easy problem). In a classical extension, a cost is 
associated with each arc and the goal is then to find a maximum flow of minimum 
cost (easy problem, by linear programming for example). 

There are many other problems defined on graphs; let us mention one last model, 
the partitioning of graphs. The problem of partitioning graphs [RAD 97] consists of 
partitioning the set of vertices in subsets so that each subset possesses a certain 
property. For example, we can search for a partition of the vertices so that each 
induced subgraph is a complete graph, that is, all the vertices of the graph obtained 
are directly connected by an edge. 

3.2.3. Assignment problems 

In assignment problems, the objective is to assign the objects to places able to 
contain them. In this section, we regroup different problems that all have this point 
in common. 

The assignment problem, strictly speaking [AHU 93], as it is described in the 
literature, consists of associating each object in a set with an object in a second set. 
Without loss of generality, we can consider that each set contains the same number of 
objects, and then speak of the assignment of an object to a place. The assignment of a 
given object to a given place involves a cost. The objective is to realize the assignment 
(each object has a place and there is a place for each object) while minimizing the sum 
of the costs. This problem can be solved easily.  

The so-called generalized assignment problem [AHU 93] is difficult to solve. It 
consists of assigning a set of objects to a set of places, but this time, one place can 
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accommodate several objects. However, each place cannot accommodate all the 
objects because there are limitations, for example, of volume. 

The knapsack problem [MAR 90] is one of the classics of combinatorial 
optimization. In this problem, a weight and a value are associated with each object. 
The objective is to fill the knapsack, which is of limited capacity, in order to 
maximize the value of its contents. This problem is difficult to solve. Some variants 
of this problem exist, for which several constraints must be taken into account, such 
as weight and size, for example.  

The so-called bin packing problem is also a classical problem [RAD 97]. Each 
object is characterized by a certain volume. We must put all the objects in containers 
that may or may not be identical, and are of finite capacity. The objective is to put 
all the objects into a minimum number of containers. In the simplest version, this 
problem is already difficult to solve. Numerous variants of this problem exist, such 
as the one which involves two characteristics for each object (for example, length 
and width).  

3.2.4. Transportation problems 

In this section, we have regrouped some classical problems, most often modeling 
problems of transportation such as the assignment of round-trips (tours), and models 
used to represent road transportation, for example. 

We will now describe the most famous problem of combinatorial optimization: 
the traveling salesman problem. This problem consists of searching for a route of 
minimum length passing through the cities that a traveling salesman must visit 
[LAW 85]. More formally, it is defined as a theoretical graph problem. Let us 
consider a graph whose vertices represent the cities to visit and the edges represent 
the connections among these cities. The weight associated with an edge represents, 
for example, the distance between the two cities at the extremities of the edge. The 
objective is to find a Hamiltonian cycle (a cycle passing once and only once through 
all the vertices of the graph) of minimum length. This problem is difficult to solve. 
Numerous variants of this problem exist (particular properties of the graph, 
particular weights on the edges, time windows to visit the cities, etc.). The same 
problem exists equally in oriented graphs. In this case, the routes of the traveling 
salesman must respect the orientations of the arcs. 

An extension of the traveling salesman problem is the vehicle routing problem 
[GOL 88]. A fleet of vehicles of finite capacity, based in a depot, must assure a set 
of deliveries. Each city must be visited by a vehicle and the tours (set of the cities 
visited) by this vehicle must not exceed its capacity. The objective is to minimize 
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the total length of the trips traveled by the fleet of vehicles. This problem in fact 
contains an assignment of vehicles to trips and routing problems as in the traveling 
salesman problem. Some variants of the problem are minimizing the number of 
vehicles used or also considering time windows for visiting the cities. 

The Chinese postman problem [COO 97] consists of realizing a tour passing 
through all the edges of a graph at least once, with the objective of minimizing the 
total length of the tours. This problem models, for example, the tours to pick up 
household refuse or to distribute the mail. If the graph only contains edges (the 
vehicle can go from a city a toward city b or reciprocally), the problem is easy to 
solve. It remains so when all the connections between cities are arcs (orientation of 
the connections). Unfortunately, the problem becomes difficult to solve when there 
are oriented and non-oriented connections in the graph. It becomes equally difficult 
when the weights on the arcs must be taken into account, weights that can represent 
capacities, for example. 

The transportation problem, strictly speaking [RAD 97] (see example in Chapter 
1, section 1.3), can be seen as the determination of the transfer of products from a 
set of storage areas toward a set of clients. Each storage area contains a certain 
quantity of product (volume for example) and each client asks for a certain quantity. 
It is always possible to go back to a problem for which the sum of the quantities in 
the storage areas is equal to the sum of the quantities demanded. The transfer of a 
product unit in stock to a client entails a cost. The objective is to minimize the sum 
of the transportation costs. This problem can easily be solved by linear programming 
(see Chapter 1) or by specific methods. The transhipment problem is an extension of 
the transportation problem. Now in this problem the storage areas (offers) and the 
clients (demands) are situated on the vertices of a graph, the edges being weighted 
by a shipment cost of a product unit. A simple transformation makes it possible to 
go back to the classical transportation problem and thus to solve this problem easily. 

3.2.5. Location problems 

A location problem [DRE 96] consists of placing a set of services (storage areas, 
factories, firewalls, etc.) in a given territory, with the objective of minimizing a cost 
function. 

In the p-center problem, a fixed number of services have to be placed on the 
vertices or the edges of a graph. If a service is placed on an edge, the distance 
between this service and each adjacent vertex is calculated according to where the 
service is placed on the edge. If the service is placed in the middle of the edge, the 
distance to each vertex will be half the length of this edge. The objective is to 
minimize the longest distance between the vertices and the nearest service. In other 
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words, for each vertex in the graph, the minimum distance from this vertex to the 
nearest service must be calculated. This brings us back to the problem of the shortest 
path, described above. Then, it is necessary to determine which vertex in the graph 
is the most distant from its nearest service. This distance has to be minimized. 

The p-median problem is similar; only the objective function changes. The 
objective is to minimize the sum of the distances between each vertex and the 
nearest service.  

These two problems are difficult in their general formulation, and only some 
particular cases can be solved easily. Numerous variants exist, considering for 
example the costs of installation of services on each vertex or edge, and also 
including the capacities for the services, that is, where a limited number of vertices 
are able to benefit from the same service. 

3.2.6. Scheduling problems 

The scheduling theory regroups problems for which the utilization of resources 
must be planned in time. We will give the main types of problems encountered. 

Project scheduling consists of planning in time the execution of the different 
tasks which constitute the project. Chapter 4 is dedicated to these problems. 

The production enterprises must sequence the operations taking place in their 
workshops [BLA 96]. According to the type of products manufactured and the 
process used, these problems can be quite different. The simplest problems to 
formalize are the problems on a single machine. In these, a known number of tasks 
must be sequenced (a sequence must be fixed), the machine being able to execute 
only one task at a time, with the goal of optimizing an objective function (minimize 
a maximal lateness for example). In the problems of parallel machines, two types of 
problems must be solved: the assignment of the tasks to the machines, and the 
determination of the sequences of tasks on each of the machines. There exist 
numerous problems called workshop problems, as they propose a simplified 
workshop model of production. We can cite the problems of flowshop, jobshop or 
even openshop. In the flowshop, or workshop in line, all the products pass on the 
machines in the same order. In the jobshop, each product follows its own course in 
the workshop. Finally, in the openshop, the products can pass on the machines in 
any order. 

The problems of scheduling tours can be seen as traveling salesman problems 
with time windows or vehicle routing problems with time windows. These problems 
have already been described above and will be detailed in Chapter 5. 
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Team planning of work is also a part of scheduling problems [RAD 97]. It 
consists of the constitution of teams, and of the assignment in time of these teams 
with different tasks to execute. These problems are very often encountered in the 
organization of work for medical teams in hospitals or the management of crews for 
airline companies. Most of these problems are difficult to solve optimally. 

The theory of scheduling also includes the problems of generating timetables
[RAD 97]. This somewhat joins the problems of team scheduling described 
previously. The simplest example, but difficult to solve, is the creation of timetables 
in a university, where it is necessary to take into account the groups of students, the 
teachers, the classrooms and the priorities among class sessions. 

3.3. Complexity 

We have just described several classical optimization problems as well as a 
classification of these problems according to their domains of application. In this 
section we will see that it is also possible to classify the problems according to their 
complexity: easy or difficult problems. We will then define the terms more precisely: 
easy and difficult. The interest of such a classification is to determine if, for a given 
problem, an exact solution can be found in a reasonable time. In other words, such a 
classification tells us if the search for an approximate solution of good quality is 
interesting or not. In order to make such a classification of optimization problems, the 
theory of complexity is used. We will here make only a brief remark. Several works 
are dedicated in whole or in part to this theory; we can notably cite the work of Garey 
and Johnson [GAR 79]. This work proposes, among other things, a list of classical 
combinatorial problems known to be difficult.  

To determine the difficulty of an optimization problem, one must know a little 
about algorithmic complexity. Also, we will first describe what we mean by an 
efficient algorithm. The complexity of an algorithm is measured by the number of 
elementary operations necessary in the worst case; that is, when the problem to solve 
is such that a maximum number of elementary operations is necessary for its 
solution. In other words, to say of an algorithm that it is in O(n) means that in the 
worst case a multiple of n elementary operations must be carried out. An algorithm 
is called polynomial if its complexity can be expressed as a polynomial of the given 
characteristic input data. Such an algorithm is called rapid (or also efficient). An 
algorithm will be called pseudo-polynomial if its complexity can be expressed as a 
polynomial of the problem parameters. For example, let us consider the traveling 
salesman problem. An algorithm whose complexity can be expressed as a 
polynomial of the number of cities will be called polynomial. However, an 
algorithm whose complexity is expressed as a polynomial of the number of cities 
and of the greatest distance separating two cities will be called pseudo-polynomial. 
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In addition, an algorithm whose complexity cannot be expressed in the form of a 
polynomial will be called exponential.

The interest in making such a distinction among the different existing 
algorithms, or those able to be developed, resides in the processing time. Let us 
consider a traveling salesman problem with n = 5 cities and let us suppose that an 
elementary operation demands a microsecond (ms) to be executed. If, in order to 
find a solution to this problem, a polynomial algorithm of complexity O(n) is used, 
then the processing time will be a multiple of 5 ms. However, if we use an 
exponential algorithm of complexity O(n!), the processing time will be a multiple of 
5! or a multiple of 120 ms. Let us now consider a traveling salesman problem with 
50 cities. The polynomial algorithm needs a multiple of 50 ms for its execution 
while the exponential algorithm has a processing time corresponding to a multiple of 
50! or a multiple of 3·1064 microseconds or about 1051 years.  

Having defined the notion of an efficient algorithm (polynomial algorithm), we 
will now look into the classification of optimization problems in easy and difficult 
problems. 

To study the complexity of an optimization problem, it is necessary to define the 
corresponding decision problem. A decision problem is a statement for which the 
response must be expressed by yes or no. For example, for a traveling salesman 
problem, the corresponding decision problem P1 is: “If y is an integer, does there exist 
a Hamiltonian cycle whose length is less than or equal to y?” 

Decision problems are divided into two classes: decidable and undecidable 
problems. A problem is called undecidable if it is impossible to write an algorithm 
to solve it.

A decidable decision problem belongs to the class NP, if there exists a 
polynomial algorithm that enables us to recognize a positive instance (example for 
which the response is yes). For example, when a tour is defined, it is possible to find 
a polynomial algorithm that verifies its length in order to know if it allows us to 
reply yes to the corresponding decision problem. The decision problem 
corresponding to the traveling salesman problem thus belongs to the class NP.  

The problems of the class NP can be divided into two different groups, on one 
hand the problems called polynomial (problems of class P) and, on the other hand, 
the problems called NP-complete.

A decision problem is called polynomial if there is a polynomial algorithm to 
solve it. Such a problem is called easy. For example, the problem “is there a path 
between city A and city B with a length less than or equal to 10 km?” can be solved 
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in O(n2) where n is the total number of cities to consider. This problem can be 
solved in polynomial time so this problem is a problem of the class P, and is 
therefore called easy. By extension, the optimization problem that consists of 
searching for the shortest path between A and B is called polynomial. 

The NP-complete problems are difficult problems. For each of these NP-complete 
problems, there is little likelihood that a polynomial algorithm could be constructed. 
The principal notion in order to define NP-completeness is that of polynomial 
reduction. A decision problem P1 is called reducible to another decision problem P2
(noted P1 P2) if there exists a polynomial function f, which transforms each 
instance of P1 into another instance of P2 so that the response for P1 is yes if, and 
only if, the response for P2 is yes. This means that if there exists a method to solve P2,
then a polynomial algorithm using this method could solve P1. To demonstrate that a 
problem P1 is NP-complete, we have to show that it is in class NP and that there exists 
a problem P2 known to be NP-complete so that P2 P1. Cook, in 1971 [COO 71], 
was the first to show the NP-completeness of a problem. This is a problem in logic, 
called a satisfiability problem. Let us note that the decision problem corresponding to 
the traveling salesman is an NP-complete problem [KAR 72]. It is thus not very likely 
that a polynomial algorithm can be found to solve the decision problem corresponding 
to the traveling salesman. 

An optimization problem is called NP-hard if the corresponding decision 
problem is NP-complete. The traveling salesman problem is thus NP-hard. 

In addition, an NP-complete problem can be NP-complete in the strong sense or 
in the ordinary sense. A problem is called NP-complete in the ordinary sense if it is 
NP-complete and there exists a pseudo-polynomial algorithm to solve it. To 
demonstrate that a problem P1 is NP-complete in the strong sense, we have to show 
that it belongs to the class NP and that it remains NP-complete even if we limit the 
size of the parameters of the problem (by a polynomial of the characteristic input 
data). To demonstrate that a problem is NP-complete in the ordinary sense, it would 
be necessary to show that it is NP-complete and to give a pseudo-polynomial 
algorithm to solve it. 

The borderline between difficult problems and easy ones is often not easy to 
determine. In fact, the addition or the suppression of a constraint can make a 
problem pass from the status of an easy problem to a difficult problem or the other 
way around. Let us consider a depot and several clients. If we wish to find, for a 
given client, the shortest path connecting the depot to this client, we can solve this 
problem in polynomial time. On the other hand, if the objective is to find the 
shortest Hamiltonian cycle, we are then confronted with a problem that is NP-hard 
in the strong sense. In fact, this problem corresponds to that of the traveling 
salesman. 
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In this section, we have seen that the problems could be classified as easy or 
difficult problems. However, it is important to note that problems always exist that 
have not yet been classified. No polynomial algorithm has been proposed for these 
problems and it has also not yet been demonstrated that these problems were NP-
hard. The importance of such a classification is to know if it is useful to search for 
an algorithm that gives us an exact solution or if it is preferable to search for an 
algorithm that gives us an approximate solution. We will see below this type of 
algorithm, called heuristic. Let us note meanwhile that for certain NP-hard 
problems, the size of the real instances is limited. This allows us to envisage the 
elaboration of algorithms that enable us to obtain the exact solution in a reasonable 
time although these algorithms may be exponential or, in the best case, pseudo-
polynomial. We will bring up this point in section 3.4.5 about the exact methods. 

3.4. Solution of hard problems

3.4.1. Introduction 

As we have previously discussed, there exist combinatorial problems of different 
complexities. Problems belonging to class P have polynomial algorithms (efficient) 
making it possible to solve them. For the NP-hard problems, the existence of efficient 
algorithms to find the best solution seems not to be very realistic. Thus, different solution 
methods (exact methods or approximate) are widely used to tackle these difficult 
problems. 

We discuss below the main methods used and indicate their functioning scheme. 
The minimization of an objective (minimization of the length of a tour, for example) 
is considered. 

First of all, we will speak about the use of relaxation methods to eliminate 
certain constraints of the given problem in the hope of efficiently solving an easier 
problem. The solution found for this sub-problem is, in case of a minimization, a 
lower bound for the initial problem. Then we will be interested in the development 
of approximation methods (heuristic methods of construction and heuristic methods 
of improvement) to try to obtain solutions of the best quality possible in a short time. 
The solutions obtained are then suboptimal and constitute upper bounds for the 
optimal solution of the problem. Finally, exact methods, based mainly on the 
principles of enumeration, try to give the exact solution to the problem. The 
performance of such methods is measured by the size of the problems that they can 
solve in a reasonable time. Lower bounds and upper bounds, calculated respectively 
by relaxation and approximation methods, are used to reduce the enumeration as 
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much as possible. The execution of the exact methods depend to a great extent on 
the quality of these bounds. 

3.4.2. Relaxations 

The principle of relaxation methods is to simplify the initial difficult problem to 
obtain a problem that is easy to solve. For example, to solve a linear program 
containing variables that must be integer is a difficult problem. By relaxing this 
constraint, the variables can take real values. This gives a linear program that is easy 
to solve (see Chapter 1). The result obtained, in the case of a minimization problem, 
is a lower bound of the optimal solution. This simple observation for linear 
programs is generalized in most of the problems in combinatorial optimization. 

Simplifying the problem is a first step toward the design of solution methods. Let 
us suppose that the relaxed linear program gives a solution in which all the variables 
that should be integer are indeed integer valued. The solution is then realizable 
because it verifies all the constraints of the problem. Knowing that the solution to 
the relaxed problem gives a lower bound for the initial problem, the solution 
obtained in this case is optimal. When some variables that must be integers are 
fractional, a natural heuristic is to round up these values to the nearest integer in 
verifying that the constraints of the problem remain satisfied.  

Let us now take the example of the traveling salesman. Any Hamilton cycle of 
the traveling salesman problem becomes a particular tree if an edge is removed (see 
Chapter 2 for the formal definition of a tree). Then, the search for a tree of minimum 
weight is a relaxation of the original problem. The tree of minimum weight, which is 
easy to find, thus gives a lower bound for the value of the optimal solution and can 
be seen as an embryonic solution. Moreover, the very well-known heuristic of 
Christophides [LAW 85] uses this point of departure to construct a realizable 
Hamiltonian cycle for the traveling salesman problem (see Chapter 6). 

Relaxation methods, because they provide lower bounds for the optimal value, 
are applied to branch and bound methods, which will be discussed at the end of this 
chapter. 

3.4.3. Heuristic methods of construction 

The objective of the development of heuristic construction methods is to rapidly 
construct good solutions for a difficult problem. These solutions can then serve as 
initial solutions for improvement methods (see section 3.4.4). The performance of 
such algorithms is generally calculated by the ratio between the value of the solution 
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produced by the heuristic and the value of the optimal solution for the worst case.
Other performance analyses can be made. For example, the analysis of the average
looks at the average behavior of the heuristic in calculating the ratio, not only for the 
worst case, but the average for several instances. In addition, when the optimal 
solution is not calculable (problem too complex and too big in size), it is also 
possible to study the behavior of the heuristic experimentally by comparing its 
performances with other heuristics or with lower bounds (calculated as a result of a 
relaxation, for example). 

The methods of progressive construction are iterative methods where, at each 
iteration, a partial solution is completed. Most of these methods are greedy 
algorithms because they construct a solution without ever questioning a choice once 
it has been made.  

Among these methods we cite the list algorithms that calculate, in a first phase, a 
list of priorities that is used, in the second phase, for the construction of the solution. 
This list is calculated only once and is never modified. It is to be noted that these 
algorithms, in spite of their simplicity, can be very efficient. A second type of 
method consists in choosing, at each step of the construction, the element to 
consider by using a priority rule. Note that if the choice of the element is guided by 
the application of a dominance theorem, the method can give the optimal solution. 
For each problem, numerous rules have been developed. 

We will also cite the methods of decomposition that consist of partitioning a complex 
problem into several smaller problems, to search for a solution for each one of these 
small problems and to assemble these partial solutions. 

From these construction schemes, some more or less complex heuristics have been 
proposed to respond to specific problems. Given their great number, we cannot cite 
here all the heuristics of construction developed for the traveling salesman problem. 
Here are just a few to illustrate the different types of methods discussed above:  

– construction by increasing abscissa (list algorithm): the vertices are arranged in 
increasing order of their abscissa, then they are connected in this order; 

– heuristic of the nearest neighbor (priority rule): an initial vertex is chosen, then 
the algorithm goes toward the nearest neighbor not already visited; 

– geographic partitioning (decomposition method): a set of vertices is divided in 
several subsets following a grid, for example. Each subset constitutes a sub-problem 
solved by a heuristic or an exact method. The partial solutions are regrouped to form 
the final solution. 
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3.4.4. Improvement methods 

The objective of this section is to present different methods of improvement, also 
called metaheuristics, since their vocation is to adapt to diverse problems. These 
methods are initialized with one (or several) feasible solution(s), calculated either 
randomly, or with the help of a heuristic construction (see section 3.4.3). At each 
iteration, these metaheuristics try to move closer to the optimal solution by applying 
local modifications until a stopping criterion is satisfied. We should then, before 
discussing the solution scheme of the different methods, define the notion of the 
neighborhood of a solution. 

3.4.4.1. Neighborhood of a solution 

For every feasible solution S, we can associate a set of neighbors, generated from 
S with the help of a local transformation. This transformation only modifies the 
solution S very locally and does not change its structure. Thus, the majority of the 
properties of S are kept.  

It is useful, for each problem studied, to precisely define the transformation used. 
The neighborhood of S, V(S), is then the set of the neighbors obtained from S by 
applying this local transformation. 

To illustrate this notion of neighborhood, let us take the example of a traveling 
salesman problem with seven cities to visit (A, B, C, D, E, F, G). Solutions are 
coded using the ordered list of the vertices visited. Different possible 
neighborhoods could be obtained by:  

– change of place of an element; 
– exchange of two elements; 
– inversion of a subsequence. 

Let S be the following initial solution: A D C B E G F (see Figure 3.1): 

– by changing the place of vertex E, we obtain S1: A D C B G F E; 
– by exchanging the vertices A and E in S, we obtain S2: E D C B A G F; 
– by inversing the subsequence D C B of S, we obtain S3: A B C D E G F. 
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Figure 3.1. Neighborhood of a solution 

3.4.4.2. Gradient methods 

These are part of the simplest heuristics of the local search. They consist of 
searching in the neighborhood of the current solution (defined from a local 
transformation) for a lower-cost solution that then becomes the current solution. 
They proceed in this way until reaching a local optimum that can no longer be 
improved.  

The exploration of the neighborhood can be performed randomly (random 
application of the transformation on the current solution) or systematically 
(application of the transformation with several parameters until obtaining a better 
solution) or even exhaustively (determination of the whole neighborhood and 
selection of the best solution). 
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Method of descent
/* Initializations*/ 

Select the initial solution S 
Sbetter  S 
Cost(better)  Cost(S) 
NbIteration  0 

/* Loop*/ 
While NbIteration < NbMaximum do 

NbIteration  NbIteration + 1 
Select S’ in the neighborhood of S  
If Cost(S’) < Cost(S)

then Cost(better) Cost(S’)
Sbetter S’
S S’

End If 
End While

Algorithm 3.1. Gradient method 

Among these methods, we describe here the methods of exchanges of the r-
optimal type. These methods of optimization were initially proposed by Lin 
[LIN 65] to solve the traveling salesman problem (TSP), but they are also applied to 
every combinatorial problem whose solution consists of a permutation of elements. 
The term r-optimal indicates that a solution can no longer be improved by 
exchanging r elements. The method consists of selecting r components and checking 
if, by interchanging these components, a better solution may be found. We notice 
then that an n-optimal solution is an optimal solution (for a problem of size n). Thus, 
the more r augments, the more we approach an optimal solution, but the longer the 
calculations are. In practice, we limit ourselves to r = 2 or 3. 

Algorithm 3.1 is a sample outline of a method of descent.

This approach has the advantage of being rapid, but remains blocked as soon as a 
local optimum is reached, even if it is not of good quality, because it cannot help us 
to find a better solution in the neighborhood than the current solution. Thus, we 
should look for other more sophisticated methods that allow us to move out of the 
local optima.
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3.4.4.3. The tabu method 

This method, whose origin goes back to 1977 [GLO 77], was formalized later, in 
1986, by Glover [GLO 86]. It has no stochastic character and uses the notion of 
memory to avoid staying in a local optimum. 

The principle of the algorithm is the following: at iterations, the neighborhood 
(complete or a subset of the neighborhood) of the current solution is examined. The 
best solution (neighboring solution with the maximal cost reduction or the one 
augmenting the cost by the smallest amount) is selected. By applying this principle, 
the method may lead us toward solutions that seem less interesting, but that perhaps 
have a better neighborhood.  

The risk is to cycle between two solutions. To avoid the phenomenon of cycling, 
the method bars itself from revisiting a solution recently visited. For that purpose, a 
tabu list containing the last solutions visited is kept up to date. Each new solution 
considered eliminates from this list the solution that has been the longest on the list. 
We sometimes prefer to keep forbidden transformations on the list rather than the 
forbidden solutions. The length of the list, which is a parameter to be defined, 
determines the number of iterations during which a solution having been visited 
cannot be reconsidered. In practice, the size of the list is generally between 7 and 20 
and is determined experimentally, for each type of problem, by testing several 
values.  

Thus, the search for the following current solution is done in the neighborhood 
of the present current solution without considering the solutions belonging to the 
tabu list.  

This method does not stop by itself and it is necessary to determine a stopping 
criterion in the function of the search time allocated. This criterion can be, for 
example, the execution of a certain number of iterations or the non-improvement of 
the best solution during a certain number of iterations. Thus, all along the algorithm, 
the best solution must be retained because one rarely stops with the optimal solution.  

Algorithm 3.2 is an example of the outline of the tabu method. 
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Tabu method
/* Initializations*/ 

Select the initial solution S 
 Sbetter  S 
 Cost(better)  Cost(S) 
 T   /* Tabu List initialized to empty / 
 NbIteration  0 

/* Loop*/ 
While NbIteration < NbMaximum do

NbIteration  NbIteration + 1 
Determine a set of candidate solutions: Candidates(S)  
Choose S’, solution of least cost, among Candidates(S) 
Update list T (suppression of the oldest element and addition of S)
If Cost(S’) < Cost(better)

then Cost(better) Cost(S’) 
    Sbetter S’

End If 
S S’

End While

Algorithm 3.2. Tabu method 

3.4.4.4. Simulated annealing 

This class of optimization methods is due to physicists Kirkpatrick, Gelatt and 
Vecchi [KIR 83]. It is inspired by the simulation methods of Metropolis (in 1950) in 
statistical mechanics. 

The historical analogy is inspired by annealing metals in metallurgy: a metal 
cooled too quickly presents numerous microscopic defects; it is the equivalent of a 
local optimum for a combinatorial optimization problem. If it is cooled slowly, the 
atoms rearrange themselves, the defects disappear and the metal then has a very 
ordered structure, equivalent to a global optimum. 

The method of simulated annealing, applied to optimization problems, considers 
an initial solution and searches in the neighborhood for another solution able to 
become the current solution. The originality of this method is that it is possible to 
get to a neighboring solution of lower quality with a probability that is not zero. This 
lets us escape from the local optima. At the beginning of the algorithm, a parameter 
T, related to the temperature, is determined and decreases all along the algorithm to 
tend toward 0. The acceptance probability p of the deteriorating solutions depends 
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on this parameter (the higher the temperature T, the stronger this probability will 
be). 

The performance of simulated annealing depends on the rule of cooling (that is, 
the decreasing of parameter T) used. Too rapid cooling would lead toward a local 
optimum that can be of very bad quality. Cooling too slowly would be very costly in 
calculation time. Adjusting the different parameters (initial temperature, number of 
iterations by temperature level, decrease in temperature, etc) can thus be difficult. 

Simulated annealing
/* Initializations*/ 
 Select an initial solution S 

  Sbetter  S 
  Cost(better)  Cost(S) 

Initialize T     /* Initialization of the temperature */ 
/* Loop*/ 
 While Condition 1 do

NbIteration  0 
While NbIteration < NbMaximum do

NbIteration NbIteration + 1 
Choose S’ in the neighborhood of S 

Cost Cost(S’) - Cost(S)
If Cost < 0  

     then S S’
     If Cost(S’) < Cost(better)
      then Cost(better) Cost(S’)
       Sbetter S’
     End If
     Else Choose p randomly in [0,1] 
     If p e – Coût/T

      then S S’
     End If 
   End If 
  End While 

T = f(T ) 
End While

Algorithm 3.3. Simulated annealing

Algorithm 3.3 simulates a decrease in temperature by level. For each level, a 
maximum number of transformations are carried out. Condition 1 represents the 
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stopping criterion chosen for the end of the algorithm (temperature sufficiently low, 
time elapsed, etc). T = f (T) represents the rule of cooling of the temperature. 

The interest of this class of methods is that there is a proof of convergence. Thus, 
if certain conditions are verified, there is a guarantee of obtaining the optimal 
solution. 

3.4.4.5. Genetic algorithms  

This class of methods is based on an imitation of the phenomenon of adaptation 
of living beings. The application of these methods to optimization problems was 
formalized by Goldberg in 1989 [GOL 89]. 

Genetic algorithms work in analogy to the reproduction of living beings. 
Contrary to the preceding methods, genetic algorithms do not consider a single 
current solution, but a set of solutions (individuals) composing a population. Thus, 
the method is initialized by a first population in which reproduction, crossover or 
mutation operations will be realized with the objective of also exploiting the 
possible characteristics and properties of this population. These operations should 
lead to an improvement (in terms of quality of the solutions) of the whole population 
since good solutions are encouraged to exchange by crossing their characteristics 
and creating still better solutions. However, solutions of very bad quality can also 
appear and allow us to avoid converging too rapidly to a local optimum. 

The difficulties in applying genetic algorithms reside in the need to code the 
solutions and to implement different operators. 

Indeed, the choice of coding is difficult, but very important. We must be able to 
code every solution represented by a chromosome, which is a chain of characters 
(genes) belonging to a certain alphabet. For permutation problems, such as problems 
like the traveling salesman problem, the alphabet is defined (set of cities to visit) and 
the objective is to look for the best position of each character (each character 
appearing once and only once in each chromosome). Thus, a TSP solution with 
seven cities could be coded by S: 2461357. 

To execute the different operations, a selection is necessary to choose the 
individuals on which the operators will act. The better the quality of an individual is, 
the better the chances of being chosen. Having defined fi, the force of an individual i
and (fitness) F, the total force of the population, the probability of selection of the 
individual i will be proportional to fi /F.
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The crossover operator can then create, from two selected parents, one or two 
individual children who inherit characteristics from the parents. For that, one or 
several points of crossing are chosen in the chromosomes of the parents, and the 
pieces of chromosomes thus obtained are recombined so as to form the children. For 
a permutation problem such as the TSP, this operation does not guarantee the 
generation of feasible solutions (some cities will perhaps be repeated while others 
will be missing). Let us take the following example of the two parents: P1: 2461357 
and P2: 6421573. A crossover after the third component would give the two 
solutions S1: 2461573 and S2: 6421357 (feasible solutions since each city appears 
once and only once), while a crossover after the fifth component would generate P3: 
2461373 and P4: 6421557 that are two unfeasible solutions. 

The mutation operator can bring diversity in the population by disturbing the 
solution locally. It can be inspired by local transformations discussed during the 
presentation of the notion of neighborhood, like the exchange of two components, 
for example. Thus, solution 2461357 could, after mutation, become 2471356. 

Finally, the reproduction operator will, from new individuals, regenerate a new 
population, by keeping the good individuals without systematically eliminating the 
less good individuals. 

Thus, if these algorithms are very rich regarding the diversity of solutions 
generated, the parameters (size of the population, coefficient of reproduction, 
probability of mutation, etc) are difficult to define and demand quite a large 
calculation effort. 

3.4.5. Exact methods 

In the preceding sections, we have seen that in order to find one or more 
solutions to difficult problems, several heuristic methods can be developed. 
However, it can be necessary to know one or more exact solutions and this for 
several reasons, notably to evaluate the performances of the proposed heuristics. We 
have also seen that for difficult problems it is not very probable that a polynomial 
(in certain cases a pseudo-polynomial) algorithm will be found. The exact 
algorithms that can be developed for this type of problem are in most cases 
exponential algorithms. The result is that these algorithms cannot be used except for 
instances of relatively small size. Note however that for certain types of problems, 
the maximal size of instances that can be solved by exact algorithms correspond to 
the maximal size routinely encountered in real applications. In this section, we will 
try to describe two main types of exact methods. We will first present the method of 
branch and bound; then we will discuss dynamic programming. These two methods 



Classical Combinatorial Problems and Solution Techniques    91 

are among the most used methods. However, other methods that we do not describe 
here can be developed, notably the Lagrangian relaxation.  

3.4.5.1. Branch and bound 

The objective of a branch and bound procedure is to search for an optimal solution 
by making an intelligent enumeration, which will not necessarily be exhaustive, of the 
set of solutions. This research is founded on the construction of a tree. In addition, the 
method of branch and bound is constituted of two procedures: a branching procedure 
and a bounding procedure. We will first describe the structure of the search tree used, 
constructed by the method of branch and bound; then we will describe the bounding 
procedure and, finally, the branching procedure. Throughout, we assume that the 
objective function is a minimization. 

The root of the search tree corresponds to the empty solution. The leaves are 
elements of the set of solutions. Each node of the tree corresponds to a partial 
solution. At each node, the solution is generated from the solution of the node that 
precedes it in the tree. Each node appears at a certain level in the tree. Level 0 
corresponds to the root. Level 1 corresponds to the nodes of the first partial solutions 
generated. Level 2 regroups the nodes of the solutions generated from the solutions 
of the nodes in level 1. For example, the complete search tree for a traveling 
salesman problem with three cities (A, B, C) would be that presented in Figure 3.2. 
Note that certain leaves correspond to equivalent solutions. Indeed, as the solution to 
the traveling salesman is a cycle, the solutions ABC, BCA and CAB are equivalent, 
and the same is true for solutions ACB, CBA and BAC. 

We will now discuss the bounding procedure. Each node is associated with a 
value. In the case of a leaf, this value corresponds to the value of the objective 
function for the solution associated with this leaf. In the case of a node that is not a 
leaf, this value represents a lower bound of the objective function for the solution 
partially constructed in this node. In the case of the traveling salesman, the value 
associated with a leaf is the length of the cycle and that associated with the nodes 
could, for example, be the corresponding value of the distance covered in the partial 
solution. 

To obtain all the solutions, the search tree must be completely developed and, in 
this case, the bounding procedure is not used. On the other hand, if the research 
objective is to find an optimal solution in a relatively reasonable time, the complete 
search tree must not be generated; it is thus necessary to determine for which criteria 
certain branches can be cut. For that, the value associated with each node will be 
used. In addition, an upper bound must be defined. It will either be calculated from a 
heuristic or it will correspond to the smallest value of the leaves already generated. 
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For each node generated, the following verification is done. If the value associated 
with the node is strictly greater than the upper bound, then the node is abandoned. 
To facilitate the comprehension of this procedure, consider the problem of the 
traveling salesman. Suppose that at a certain stage in the search a partial solution S,
for which the distance covered is strictly superior to the length of a known cycle T,
is found. The partial solution S will never have a cycle shorter than T; it is thus not 
necessary to generate solutions from the node of S. Values associated with the nodes 
are not the only elements that allow us to cut branches; the particularities or the 
known properties of the problem must be used. 

ABC 

All solutions 
generated from 
this node 
correspond to a 
cycle which 
begins with A 

A B C

Level 0: root 

Level 1 

Level 2 AB AC BA BC CB CA 

All solutions 
generated 
from this 
node 
correspond to 
a cycle which 
begins with 
AB  ACB BAC BCA CBA CAB Level 3: leaves 

Figure 3.2. Complete search tree 

We will now discuss the branching procedure that lets us construct and go 
through this search tree. To construct and cover this tree, we have two possibilities: 
depth first or width first approaches. We will describe these two types of approach 
and to illustrate our proposal we will use a traveling salesman with four cities  
(A, B, C, D) whose distances are given in Table 3.1. 

The procedure in depth first takes place in the following manner. From a root, a 
first partial solution at level 1 is generated and evaluated. From this first partial 
solution, a partial solution at level 2 is generated and evaluated and so on until 
reaching a leaf. If the value associated with this leaf is strictly greater than the upper 
bound, then this leaf is cut; if not, this value becomes the new upper bound. Then 
the branching proceeds by backtracking in order to go back up along the branch 
until finding a node for which all the possible solutions have not been generated and 
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so on until there are no more solutions to generate. To facilitate comprehension, 
Figure 3.3 presents the different steps in this procedure, for the example for the 
traveling salesman with four cities described in Table 3.1. Note that the structure of 
the problem makes it possible to diminish the size of the tree. Indeed, the solution 
sought is a cycle; it is of no worth to know which city will be visited first. Also, to 
explore all the solutions, it suffices to consider only the cycles where the first city is 
A. In addition, we consider as an initial upper bound the value 47, which is the 
length of cycle A, B, C, D. 

          Destinations

Origins

A B C D 

A  24 4 3 

B 20  6 5 

C 7 5  14 

D 3 3 16  

Table 3.1. Distance table 

The procedure in width first takes place in the following manner. From the root, 
the first level of solutions is generated. All the solutions are evaluated. The second 
level of solutions is generated from the solutions in the preceding level that were not 
abandoned and so on until all the nodes generated are leaves. The most promising 
solutions, which are those having the weakest associated value, are developed first. 
As soon as a leaf is found, it is evaluated and its value is compared to the upper 
bound. If the value associated with the leaf is less than the upper bound, then this 
solution becomes the new upper bound. Figure 3.4. presents the different steps of 
this procedure for the traveling salesman problem with four cities described in 
Table 3.1. For the same reasons as before, only the tours beginning at A are 
considered. As before, we consider as an initial upper bound, the value 47 that is the 
length of the tour A, B, C, D. 
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Figure 3.3. Depth first procedure 
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An efficient branch and bound procedure is a procedure where an optimal 
solution is obtained without having to enumerate all the nodes of the search tree. 
Indeed, let us consider a traveling salesman problem with n cities. The number of 
leaves of the complete search tree is (n–1)! if a single initial city is considered. If 
n = 5, we obtain 4! (=24) leaves. If we now consider a problem with 50 cities, the 
number of leaves becomes 49! which reaches 6.1062 solutions. The quality of the 
upper and lower bounds used is decisive. However, it is important to find 
equilibrium between the time to develop the tree and the time to calculate the 
bounds. To obtain interesting bounds, the particularities of the problem considered 
must be used. Note as well that the procedure in width first demands more memory 
space than the procedure in depth first since the number of nodes to keep at each 
step (nodes not developed and not abandoned) is more important.  

3.4.5.2. Dynamic programming 

The dynamic programming method [BEL 57, BEL 62] is based on a recursive 
description of optimization problems. Dynamic programming cannot be used for all 
problems. Indeed, it is based on the fact that the optimization problem, or more 
precisely the value of the objective to optimize, must be able to be written in the 
form of an equation using recurrence. The value of the objective is calculated step 
by step. To calculate the value of the objective at a given stage, only a subset of 
values for the objective from the preceding steps must be known. It is thus not 
necessary to know all the choices made since the beginning. The choice made at a 
step affects the following step. The principle of optimality in this method is not 
verified for all optimization problems. However, it is important to note that 
numerous problems can be solved using dynamic programming.  

Dynamic programming can notably be used for the problem of the shortest 
Hamiltonian path (passing through all the cities). In this problem, the objective is to 
find a path of minimum length leaving the city of origin o and passing through n
cities of a set X. In dynamic programming, the length of such a path will be 
calculated from the length of a path passing through the n–1 cities of the set X–{o}.
Dynamic programming takes into account the path passing through n–1 cities, which 
minimizes the length of the path passing through n cities. Let c be the matrix of the 
distances between the cities, let c(i, j) be the distance (or the cost) to go directly 
from i to j, and let long(X, o) be the function that returns the length of the shortest 
path leaving from o and passing through all the cities of X. It can be calculated by 
the following formula of recurrence: 

kockoXlongoXlong
oXk

,,min,
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where k represents here the origin of a path passing through all the cities of X–{o}
and allows us to obtain a path of optimal length passing through all the cities of X
and having o as origin (see Figure 3.5). 

Finally, if X only contains a single city that is the city of origin, then the length 
of the shortest path leaving from o and arriving at o is 0. 

Path of origin k and length long(X-{o},k)

o

k

c(o,k)

Figure 3.5. Determination of the shortest path by dynamic programming 

The shortest path problem can be modeled by dynamic programming in the 
following manner: 

– recurrence formula: 

kockoXlongoXlong
oXk

,,min,

– initial condition: 

0,oolong

To facilitate comprehension, we now use this algorithm to solve a problem of the 
shortest path by considering the distances in Table 3.1, and with city A as the city of 
origin. 
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Here, X = {A,B,C,D}. The length of an optimal path is calculated in the 
following manner: 

11,,
,,,,min,

1

kAckDCBlongAXlong
DCBk

To find the minimum value, three calculations have been made (Table 3.2). 

For each case presented in Table 3.2, two calculations have been made, as shown 
in Table 3.3. 

Results presented in Table 3.3 allow us to evaluate each of the cases presented in 
Table 3.2 (see Table 3.4). 

This enables us to calculate the length of the optimal path passing through all the 
cities of X and having A as origin: 

1212;14;44min

,,,,min, 11,,1

kAckDCBlongAXlong
DCBk

As seen before, the value of the objective at each stage depends on the results 
obtained by a subset of the preceding stages, notably by the preceding stage. Let us 
consider the traveling salesman problem; the length of a tour composed of k cities 
will be calculated from tours of length k–1 that is(k–1)! tours. The complexity of an 
algorithm in dynamic programming is in this case exponential since such an 
algorithm is in O((n-1)!) where n is the number of cities to visit. It is however 
important to note that for certain NP-hard problems in the ordinary sense, pseudo-
polynomial algorithms in dynamic programming have been, or can be, proposed. 
These algorithms make it possible to solve in an exact manner and in a reasonable 
time instances of small size, which can be enough for some practical problems.  

In this section, we have seen two exact methods. These methods allow us to 
obtain an optimal solution, but their complexity does not always allow us to obtain a 
solution in a reasonable time. They are however very useful in order to evaluate the 
performance of heuristics or to solve instances of small size. 
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long(X, A) 

Bk1
24,,,min     

,,,,min     
,,,,,

22,

22,

2

2

kBckDClong

BAckBckDClong
BAcBDCBlongAXlong

DCk

DCk

Ck1 4,,,min

,,,,min
,,,,,

22,

22,

2

2

kCckDBlong

CAckCckDBlong
CAcCDCBlongAXlong

DBk

DBk

Dk1
3,,,min

,,,,min
,,,,,

22,

22,

2

2

kDckCBlong

DACkDckCBlong
DAcDDCBlongAXlong

CBk

CBk

Table 3.2. First stage of dynamic programming 
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Long (X – k1, k2)

Ck2 14,       
,,min,,

DCc
DCcDDlongCDClong

Bk1

Dk2 16,      
,,min,,

CDc
CDcCClongDDClong

Bk2 5,      
,,min,,

DBc
DBcDDlongBDBlong

Ck1

Dk2 3,      
,,min,,

BDc
BDcBBlongDDBlong

Bk2 6,      
,,min,,

CBc
CBcCClongBCBlong

Dk1

Ck2 5,     
,,min,,

BCc
BCcBBlongCCBlong

Table 3.3. Second stage of dynamic programming 
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long (X, A) 

Bk1 4424516;614min, AXlong

Ck1 144143;55min, AXlong

Dk1 123165;36min, AXlong

Table 3.4. Third stage of dynamic programming 

3.5. Conclusion 

In this chapter, we have presented classical combinatorial optimization problems 
according to their common characteristics. This list is of course not exhaustive and 
numerous other problems can be found in various works [AHU 93, BLA 96, DIE 00, 
DRE 96, GOL 88, RAD 97]. 

We have presented the basic elements of the theory of complexity. This theory 
allows us to separate the problems into two categories: those for which efficient 
algorithms exist to obtain an optimal solution, and those for which heuristic 
approaches are better adapted. Additional information can be found in the work of 
Garey and Johnson [GAR 79]. 

To conclude, we have first presented the principal heuristic techniques to find 
approximate solutions to difficult problems (constructive heuristics and 
improvement methods). Second, we have described the principal techniques to 
obtain an optimal solution, without however having any guarantee of the 
computation time to obtain this solution: branch and bound and dynamic 
programming. 
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Chapter 4 

Project Scheduling

4.1. Presentation 

4.1.1. Conducting a project

A project is a methodical approach that is carried out to attain a clearly specified 
objective in a limited time. To computerize a service, construct a dam or school, or 
create a new product is a project. A project is broken down into a set of operations 
(or tasks, in the vocabulary of project management) connected by precedence 
constraints. A task generally necessitates the utilization of appropriate resources in 
order to be realized. The object of project management is to coordinate the execution 
of tasks, while assuring the coherent use of the available resources, to attain the 
objective in the allotted time. 

Conducting the project demands the putting into place of a temporary 
organization appropriate to the project. This entails three phases: planning, 
scheduling, and monitoring and controlling.  

The planning phase by definition begins with the objectives, constituting the 
project team, identifying what will be needed and determining the performance 
criteria (quality, costs, time limits). 

Chapter written by Lionel DUPONT. 
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The scheduling of the project realizes the operational follow-up of the project: 
resource management, follow-up of progress, launching activities. Technically, 
scheduling a project consists of programming the execution of tasks in time while 
respecting the constraints and optimizing the performance criteria. It is especially at 
this stage that the operational research techniques presented below are involved. 

Monitoring and controlling consists of those processes performed to observe 
project execution so that variation between the scheduled program and the one 
carried out, or potential problems, can be identified in order to put corrective actions 
in place. This follow-up can be efficient not only in the planning, but also in the 
follow-up of the costs. 

4.1.2. Definitions

4.1.2.1. Tasks (or activities) 

 Tasks are the elementary activities that must take place to attain the objective. 
The non-execution of a task leads, strictly speaking, to the stopping of the project or 
questioning the objectives fixed. The definition of the tasks can be a delicate point. 
For a project spread over several months, we can be content at departure to roughly 
define the final tasks. We would be content, for example, to consider the task: “put 
up the roof”. As time passes, this task will be broken down into finer tasks such as: 
“put up the frame”, “place the tiles”, etc. A task is characterized by a beginning and 
an end, and is connected to the other tasks by one or several precedence 
relationships. 

4.1.2.2. Resources 

A task generally requires certain material means, financial and human, in order 
to be realized. Generically, these means are called resources. We distinguish two 
types of resources. We say that a resource is consumable if it is consumed during the 
realization of the task (money, materials). We say that it is renewable when, the task 
completed, it is once again available for other tasks (machine, operator, etc). If these 
resources exist in limited quantity, we are led to share them among the tasks. We 
will speak about scheduling with resources. 

4.1.2.3. Constraints  

The precedence relations and the management of resources will cause constraints 
for the project management. We distinguish four types of constraints. 
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Precedence constraints among tasks 

These specify the sequence of the operations (the logic of the project). The most 
common are of the form: task A must be finished before task B can begin (end-
beginning relationship). We can have partial overlapping: task B can begin if 3/4 of 
task A is completed. We also find minimum spacing constraints between the end of 
A and the beginning of B (constraints of drying for example).  

The constraints of temporal position 

These specify the time interval (or the semi-interval) during which it is possible 
to realize a task. These constraints are often due to the availability of the staff 
(human resources); for example, the company that puts up the frame can only come 
between 15 June and 31 July. 

REMARK. We have distinguished here the precedence constraints and the constraints of 
temporal position. Mathematically, the precedence constraints are shown by the fact 
that the beginning (or the end) of the task x depends on the beginnings (or ends) of its 
predecessors, and the time constraints by the fact that the beginning (or the end) of the 
task x depends on a constant. There is thus no difference between these constraints. 
They are regrouped under the term of potential constraints. 

Disjunctive constraints  

A disjunctive constraint imposes the simultaneous non-realization of two tasks A 
and B. We find such constraints in the case of the utilization of a resource present in 
a single unit (a crane, a team, etc) or in the case of formulating simultaneous 
realization bans for security reasons or placement problems. To arbitrate a 
disjunctive constraint consists of deciding if A will be done before B or the other 
way round. 

Cumulative constraints  

We speak of cumulative constraints when the tasks demand a part of one or 
several resources present in limited quantity. The problem is much more 
combinatorial than for disjunctive constraints. Consider the example where we have 
five workers and five tasks to accomplish. Each task demands the presence of a 
certain number of these workers (see Table 4.1).  

Task A B C D E 

Number of workers 4 3 2 1 1 

Table 4.1. Example of cumulative constraints 
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For the sequencing to be realizable, we must use at every moment at most five 
different actors. This constraint forbids the following schedules to be realized in 
parallel: (A//B), (A//C), (A//D//E), (B//C//D), (B//C//E). These configurations are 
minimal in the sense that, if (A//B) is forbidden, every configuration containing 
(A//B) is also forbidden (for example: A//B//D, A//B//C//E, etc.).  

If a minimum configuration involves only two tasks (here A//B or A//C), we can 
replace it by a disjunctive constraint between these two tasks. 

4.1.3. Scheduling methods  

The very first method used in scheduling dates from the 1920s. This method, 
attributed to Henry L. Gantt, used bars whose lengths were proportional to the 
duration of the tasks. The Gantt charts are no longer manually realized, but remain 
the favored tool for the visualization of schedules. 

With the development of computers in the 1950s, three methods were developed 
almost simultaneously: 

– the PERT (Program Evaluation and Review Technique) developed for the 
conception, manufacture and launching of the Polaris missile; 

– the CPM (Critical Path Method) perfected by the DuPont de Nemours 
company; 

– the MPM (Metra Potential Method) created by the Frenchman Bernard Roy to 
plan the construction of the ocean liner France. 

The principal difference between PERT and the two others was the taking into 
consideration random durations, which enabled the giving of probabilities of the 
beginning and end dates. PERT and CPM represented a schedule as a graph in 
which a task is described by an arc, while for MPM a task is represented by a vertex. 
Over time, these methods have more or less merged. In France, the term PERT is 
used as a synonym for project scheduling, whatever method is used. 

4.2. Scheduling and graphs without cycles 

In the scheduling phase of the project, we have a description of each of the tasks:  

– general information (objective, person in charge, workers, codification);

– scheduled or estimated duration;

– list of precedence constraints;
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– necessary resources;

– possibly the costs, charges. 

All this information gives us two levels of control and validation. Level 1 
consists of controlling the accuracy of the information, notably that no task is 
missing, that the durations are not overestimated (underestimation rarely happens). 
This validation is human.  

Level 2 consists of verifying the coherence of the set of the data. For small 
projects, this coherence is verified by making a graph of the project. The most 
natural graph is to associate a vertex with each task and to trace an arc from A to B 
if A precedes B. A circuit is a path that, departing from a vertex A, makes it possible 
to return to this vertex (see Figure 4.1). 

Figure 4.1. Circuit 

 If the project is coherent, the corresponding graph is a graph without a circuit. 
These graphs have simple properties enabling us to obtain algorithms with an 
efficient computation. 

PROPERTY 4.1. We call source a vertex without a predecessor and sink a vertex 
without a successor. In a graph without circuit, there is at least one source and at 
least one sink.  

B

A C

D
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Figure 4.2. Source and sink 

PROPERTY 4.2. We say that a graph without circuit is normalized if it has a unique 
vertex source start and a unique vertex sink end. Let us consider a graph without 
circuit with several sources (S1,…, Sa) and several sinks (P1,…, Pb). We can 
normalize it by adding:  

– a vertex start and arcs (start, Si);

– a vertex end and arcs (Pj, end). 

Figure 4.3. Normalized graph 

In scheduling problems, the vertex start is a fictitious task of no duration, 
corresponding to the beginning of the project and end is the fictitious final task. 

PROPERTY 4.3. We call a topological order of a normalized graph with n vertices, a 
renumbering of the vertices from 1 to n so that:  

– number(start) = 1;  

sink
source

sink

source
sink

sink
source

start sink end

source
sink
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– number(end) = n;

– for each x, we have for each predecessor y of x: Number(x) > Number(y).

Figure 4.4. One of the topological orders of the graph  

Figure 4.4 gives a possible topological order of the graph. For a given graph 
there are generally many topological orders. The method that we will present allows 
us at the same time to facilitate the drawing of the graph and to find one of these 
orders.  

EXAMPLE 4.1. Let us consider the construction project (very simplified) given in 
Table 4.2 where the tasks have been coded from A to J. 

Task Predecessor Duration 

A  2 

B  2 

C H 2 

D  3 

E B, G 4 

F C, I 2 

G A, D 3 

H B, D 4 

I H 5 

J C 3 

Table 4.2. Data of the example 

3
8 9

2

1 7 10 11

4
5 6
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At level 0, we place the fictitious vertex at the start of the project. At level 1 are 
placed the tasks without predecessors (A, B, D). We eliminate these tasks in the list 
of predecessors. If there is no circuit, at least one new task can be found without a 
predecessor. Here we find G and H. They will be placed at level 2. We eliminate in 
turn G and H. The tasks C, E and I are without predecessors and will be at level 3. 
Their elimination makes F and J appear at level 4. We place the vertex end in 
level 5.  

Task Level 1 Level 2 Level 3 Level 4 

A *    

B *    

C H H *  

D *    

E B, G G *  

F C, I C, I C, I * 

G A, D *   

H B, D *   

I H H *  

J C C C * 

Table 4.3. Determination of a topological order based on levels

By playing a little with the placement of the tasks at the same level, we obtain 
the graph in Figure 4.5. By considering the tasks level by level and from bottom to 
top, we obtain a topological order (Table 4.3).  

Following this, we suppose that the projects have been normalized, and that the 
tasks have been renumbered from 1 to n. As we notice, the fact of considering the 
tasks in topological order lets us systematically explore the graph and assures us that 
the necessary data to treat a task are available. 
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Figure 4.5. Graph of Example 4.1 

4.3. Fundamental problem

In the fundamental problem, the durations of the tasks are known perfectly. The 
date of the beginning of the project is also known. The only constraints that we take 
into account are the constraints of succession of the type: task y must be finished 
before the beginning of task x. We note P(x) the set of the predecessors of x, and
S(x) the set of the immediate successors of x. The resources are supposed to be in 
sufficient quantity so as not to create constraints. The objective sought is to 
determine the periods of time during which the tasks must be executed if one wants 
to finish the project in a minimum of time or for a given date.

4.3.1. Calculation of the earliest dates 

No task A can begin before all the tasks T that precede it are finished:  

EarliestStart(A) = max{EarliestEnd(T), T P(A)}.

If the tasks are indexed according to a topological order, the index of task A is 
greater than the indices of all its predecessors. By considering the tasks in the order 
of 1, 2, 3, …, n we can calculate the set of the earliest dates all at once. Let us look at 
Example 4.1, considering that the project starts on date 0. We will use Figure 4.6 to 
note the results. The fictitious start task begins and finishes at date 0. A, D and B 
start at 0 and finish respectively at 2, 3 and 2. G can start when A and D are finished, 
or at date 3. H can start when D and B are finished, or at date 3. By considering the 
tasks from left to right and from bottom to top, we find the earliest start and finish 
dates.  

A 2 G 5 E 7

D 3 I 8 F 10

B 4 H 6 C 9 J 11

start 1 end 12



114      Operations Research and Networks 

With the tasks being numbered according to a topological order, the general 
algorithm to calculate the earliest dates is as follows: 

Calculation of earliest dates 

EarliestStart(1)  DateStartProject

EarliestEnd(1)  DateStartProject

For x from 2 to n

  EarliestStart(x)  Max{EarliestEnd(y), y  P(x) }

EarliestEnd(x)  EarliestStart(x) + Duration(x)  

End for  

DateEndProjectMinimal  EarliestStart(n)  

End

Algorithm 4.1. Calculation of earliest dates 

Figure 4.6. Calculation of earliest dates in Example 4.1 

4.3.2. Calculation of the latest dates 

The calculation of the earliest dates enables us to obtain the minimum date for 
the end of the project. Note that DateEndProject is the date at which we want to end 
the project. This date is generally equal to or greater than the minimum date found. 
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If not, the constraints are too strong and we know in advance that the project will be 
late.

If we know the start dates of the successors of x, it will be necessary to respect 
these dates so that x can be finished before any successor starts. We thus have: 

LatestEnd(x)  min{LatestStart(z), z  S(x)}.

We will consider the tasks in the inverse order of the topological order. We 
obtain the following algorithm for the calculation of the latest dates:  

Calculation of the latest dates

 LatestStart(n)  DateEndProject  

 LatestEnd(n)  DateEndProject  

For x from n–1 to 1

  LatestEnd(x)  min{LatestStart(z), z  S(x) }

  LatestStart(x)  LatestEnd(x) – Duration(x)  

End For 

End

Algorithm 4.2. Calculation of the latest times  

Let us once again use Example 4.1 when supposing that we are trying to finish 
accurately, that is, at date 14 (see Figure 4.7). To respect this date, J must be 
finished at the latest at date 14, and will therefore start at the latest at date 11. F must 
be finished at the latest at date 14 and start at date 12. C must be finished before J 
and F start, that is at date 11 (because of J). In reading the graph from right to left 
and from bottom to top (or from top to bottom), we obtain the set of the latest dates.  

In a small project, we read the arranged graph once from left to right for the 
earliest dates and once from right to left for the latest dates. Note that in the results 
the dates correspond to the starts of the periods. Task A lasts two periods. If it starts 
at period 0, it will be executed during the periods 0 and 1, and thus be finished at the 
start of period 2. Suppose that the durations are in days and that the date 0 is on 
Monday 10. In everyday language we say that A ends on Tuesday 11 (at the end of 
the day is understood) and not that A ends on Wednesday 13 at 0 hour. We must 
take this into account in the presentation of the results. 
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Figure 4.7. Calculations of latest times for the example

4.3.3. Margins 

We call the total margin (or simply, margin) the value: 

TotalMargin(x) = LatestStart(x) – EarliestStart(x).

The margin represents the freedom that we have for x without modifying the end 
date of the project. We call a critical task a task whose margins are equal to zero. 
We call a critical path every path that from start to end is constituted of critical 
tasks. In the preceding example, there is only one critical path, formed by the tasks 
start, D, H, I, F, end. When the margin of x is positive, we have a certain freedom to 
begin, or to augment the planned duration, or to play with the two. Let us consider 
task E. It can begin between the dates 6 and 10. Its margin is 4. The planned 
duration of E is 4 days. The company charged with realizing E will be able to start 
on date 8 for example and spread the work over 6 days without delaying the end of 
the project. If the freedom taken is equal to the total margin, the task no longer has 
any margin and becomes critical, just like a certain number of the tasks that follow 
it. If the freedom exceeds the total margin, the surplus affects the end date of the 
project that is delayed by this amount.  

The open margin of task x is equal to the difference between the minimum 
earliest starts of the successors of x and the earliest end of task x:

OpenMargin(x) = min{EarliestStart(z) – EarliestEnd(x), z  S(x)}.

The open margin represents the degree of freedom that we have for x without 
affecting any other task. A delay greater than the open margin (but, however, less 
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than the total) affects the following tasks by diminishing their margins (because the 
earliest start of at least one successor is delayed). Let us consider task A in the 
example. It can begin between the dates 0 and 5 without delaying the end of the 
project. Its total margin is 5. Its only successor is G who can start at the earliest at 
date 3. Since A has duration of 2, A can start at 0 or 1 without modifying the dates 
of G. On the other hand, if A starts on 2, 3, 4 or 5 the earliest start dates of G and its 
successors will be modified, but without the project being delayed. 

Number Code Total 
margin

Open
margin

1 Start 0  

2 A 5 1 

3 D 0  

4 B 1 1 

5 G 4 0 

6 H 0  

7 E 4 4 

8 I 0  

9 C 2 0 

10 F 0  

11 J 2 2 

12 End 0  

Table 4.4. Margins of Example 4.1 

4.4. Visualizations 

4.4.1. Representation on the graph PERT/CPM 

Until now we have represented a task by a vertex, by putting an arc from A to B if 
A must be finished before the start of B. In the PERT and CPM methods, we again 
refer to the logical method of Gantt (one bar per task). Task A is represented by an arc 
(dA, fA). The vertex dA represents the start of A, the vertex fA the end of A, and the 
length of the arc (dA, fA) is equal to the duration of A. If A must be finished before 
the start of B, we create a fictitious arc (fA, dB) of no duration.  
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This initial graph is of little interest. The goal of the game then is to suppress the 
fictitious arcs that are useless in order to obtain a condensed representation (the 
PERT graph is reputed to be more concise). For a given project there can be several 
minimum PERT representations. Note also that the construction of a PERT graph 
with a minimum number of arcs is an NP-complete problem. In Figure 4.8 we give a 
PERT graph of Example 4.1. There remain four fictitious arcs represented by dotted 
lines.  

Figure 4.8. PERT/CPM graph for Example 4.1 

4.4.2. Gantt chart 

In Gantt charts, each task is represented by a bar (a rod, a line, etc) whose length is 
proportional to the duration. We can take two lines per task, one for the earliest dates 
and one for the latest dates, with possibly a third line representing the real 
advancement of the work.  

A G E

D End
Start C

J

F
B

H I
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Figure 4.9. Gantt chart for the example 

4.5. Probabilistic PERT  

As projects by nature are not very repetitive, it is often impossible to give a 
precise execution time for the tasks. Those in charge prefer to give an estimation of 
the duration rather than be firmly engaged in a duration they are not sure of. The 
method used consists of asking for three estimations for each task:  

– optimistic duration a: the best time that we could expect if everything went 
remarkably well (probability of 1%); 

– most likely time n: the best estimate of the time required to accomplish a task, 
assuming everything proceeds as normal; 

– pessimistic duration b, if everything went wrong (probability of 1%).  

From these three pieces of data we will construct a statistical distribution that we 
will use in the following discussion. The distribution generally used is the beta 
distribution (the easiest triangular distribution to calculate can also work).  

Dates 0 1 2 3 4 5 6 7 8 9 10111213

I

J

E

F

G

H

A

B

C

D
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Beta distribution 

This distribution is defined between the values a and b and has a maximum at n
(in Figure 4.10). For a beta distribution, the expected mean duration and the variance 
are given by 

Figure 4.10. Beta distribution

Once the distributions of each task are determined, the solution of the problem 
can be done either in an analytic manner or by simulation.  

4.5.1. Analytic solution 

This approach is done in three steps: 

– first step: for each task of the project, we use the mean duration. We then get 
back to a sequencing problem in a certain universe; 

– second step: we calculate the corresponding schedule and determine the (or 
one) critical path CP;

– third step: if the conditions of the central limit theorem are respected, then the 
duration of the project follows a normal distribution whose mean is equal to 

CPtdt /
_

 and whose variance is equal to  

CP/ tt .

6
bn4a

d
36

ab 2

a n b  



Project Scheduling      121 

Without detailing the central limit theorem, let us say that two essential points 
must be verified so that the results obtained are correct: 

– the distribution regulating the durations of tasks must be independent. This 
would not be the case if the optimism or pessimism of those in charge had an 
identical cause. Let us take the case of constructing a work of art in a foreign 
country. If for each person in charge, the optimistic or pessimistic duration is 
connected to the competence of the workers; the duration of the project will not 
follow a normal distribution, but rather a bimodal distribution. Either the workers 
are competent and all the durations will be shorter, or they are not be competent and 
the durations will be longer; 

– the number of tasks of the critical path must be large (consisting in theory of 
about 30 critical tasks and of about 15 critical tasks for practitioners), which requires 
a large initial project.

EXAMPLE 4.2. We will not take up the previous example because it cannot respond 
to the criteria that we have just stated. Suppose that the critical path calculated on 
the mean durations were made up of the 15 tasks given in Table 4.5. The duration of 
the project follows a normal distribution with the mean being 256.5 days and a 
variance of 8.61 or a standard deviation of 2.94. This will enable us to answer a 
certain number of questions.  

For a normal distribution, there is a 99.7% probability of deviating by less than 
three standard deviations from the mean. Here the variance is 8.61 and the standard 
deviation (square root of the variance) is 2.94. With a 99.7% probability, the project 
will be finished between 248 and 264 days.  

Suppose that we were engaged to terminate in 255 days at most. To know the 
probability of keeping this engagement, let us first go back to a standard normal 
distribution (with a mean of zero and a variance of one): z = (255–256.5)/2.94 =
– 0.51. By referring to a table of statistics, we find that the corresponding probability 
is 30.5%. 
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Task a n b Mean Variance 

1 7 10 14 15.25 1.36 

2 6 8 9 11.75 0.25 

3 12 15 18 22.50 1.00 

4 7 10 12 14.75 0.69 

5 9 11 13 16.50 0.44 

6 13 14 17 21.50 0.44 

7 15 17 20 25.75 0.69 

8 6 8 9 11.75 0.25 

9 8 11 13 16.25 0.69 

10 4 7 8 10.00 0.44 

11 9 12 13 17.50 0.44 

12 7 9 10 13.25 0.25 

13 11 13 16 19.75 0.69 

14 12 15 17 22.25 0.69 

15 10 12 13 17.75 0.25 

Sum  256.50 8.61 

Table 4.5. Values of the tasks of the critical path 

4.5.2. Solution by simulation 

The approach used here consists of simulating a large number of potential 
realizations of the project studied to learn as much as possible from it. To simplify, 
suppose that the estimated duration of task A is 8, 9 or 10 days with respective 
probabilities of 20%, 50% and 30%. If we make 100 potential realizations, in 20 of 
the realizations the duration of A should be 8 days, in 50, 9 days and in 30, 10 days. 
The usual random functions generate a random number between 0 and 1. To fix the 
duration of A, we will establish the following correspondence:  

– if the random number is less than 0.2, the duration will be 8 days; 

– if the random number is between 0.2 and 0.7, the duration will be 9 days; 

– if the random number is greater than 0.7, the duration will be 10 days.  
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To simulate a potential realization, we will therefore take the duration of each of 
the tasks, respecting the distribution of probability, and calculate the dates inferred 
by these delays. But it is impossible to affirm anything after a single simulation. To 
verify that the dice are not loaded, only one throw is not enough. We have to throw a 
large number of times and verify that the sides 1, 2, 3, 4, 5 and 6 come up with 
noticeably the same frequency. We must also make a large number of simulations 
(at least 100). From these values we can calculate the mean and the standard 
deviation of these values; we can calculate the mean standard deviation of the 
earliest dates of each task and of the duration of the project. Counting the number of 
times where a task is critical lets us determine the probability of criticality of a task. 
According to the manner in which the durations will interact, the critical paths can 
be different.  

The information obtained through this approach is richer than that provided by 
the analytic approach. The calculations of a PERT are very rapid (they are 
proportional to the number of liaisons between tasks). It seems to us that here the 
simulation should be preferred to the analytical method.  

4.6. Sequencing with disjunctive constraints  

The problems with resources are in general difficult (NP-complete), even for a 
unit quantity of each resource such as the presence of a single operator or a single 
machine (disjunctive problems treated here). There are thus no algorithms to find the 
optimal solution, no matter what the problem, with a reasonable calculation time.  

A disjunctive constraint between A and B prohibits the simultaneous execution 
of A and B. We find such constraints when the resources considered are in unit 
quantities.  

EXAMPLE 4.3. Let us take the usual example. Three workers are mobilized for this 
project. Table 4.6 gives for each task its duration and the necessary workers (
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Task Duration Worker 1 Worker 2 Worker 3

Start 0    

A 2 

B 2 

C 2 

D 3 

E 4 

F 2 

G 3 

H 4 

I 5 

J 3 

End 0    

Table 4.6. Disjunctive constraints in the example 

Let us consider worker 1. Its presence will create six disjunctive constraints 
between the tasks A, B, G and I. The constraints (B – I) and (A – G) are already 
arbitrated by the existing precedence constraints. The four constraints to conserve 
are: (B – A), (B – G), (A – I), (G – I).  

This problem can be modeled in the form of a linear program with variables 0, 1. 
The tasks are renumbered from 1 (start task) to n (end task). We have two categories 
of decision variables:  

– Fi  the earliest end date of the task i;

– xij bivalent variables defining the order of passage of the tasks i and j:

- xij = 1 if i precedes j,

- xij = 0 if not. 
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The objective is to minimize the end date of the final task n: min {Fn}.

We must introduce constraints between the end dates of the two tasks i and j that 
follow each other (type 1 constraint). For each precedence relation: if i precedes j we 
have Fj Fi + dj.

For each disjunction between i and j (i < j) we must also transform the following 
conditions (type 2 constraints):  

– if i precedes j (xij = 1) then Fj  Fi + dj;

– if j precedes i (xij = 0) then Fi  Fj + di.

This is realized by the two following linear equations where M is a large 
constant:  

Fj – Fi + M (1 – xij)  dj

Fi – Fj + M xij  di

We must also fix the start date of the project, also called task 1. For this fictitious 
task, which has a zero duration, we will set F1= 0 to initialize. 

In Example 4.3, we have 17 precedence constraints (corresponding to the arcs of 
the graph of precedence of Figure 4.5) and 12 disjunctions. The corresponding 
program has 12 type 1inequations and 12 pairs of type 2 inequations. The minimum 
required time to realize the project is 21. The Gantt chart in Figure 4.11 gives one of 
the solution schedules (another solution would, for example, begin with task B). 

Figure 4.11. Gantt chart of the disjunctive example
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The blocking parameter is the number of Boolean variables {0,1}. Commercial 
linear programming software is capable of solving, in an exact manner and in a 
reasonable time, problems in real numbers of very large size (several thousand 
variables and constraints). We are far from obtaining identical performance for the 
problems in integers or in Boolean variables {0,1}. Schematically, these problems 
are solved by branch and bound techniques and the calculation time becomes 
prohibitive if the number of integers or Boolean variables increases. 

4.7. Sequencing with cumultative constraints: serial methods 

For scheduling with resources, the heuristics usually used are called serial 
methods or lists of priority. On date t, a task is a candidate for placement if it has not 
yet been placed and if all its predecessors are finished. The principle of serial 
methods is the following:  

Principle of serial methods  

initialize the project (t = 0)

Repeat

 – determine the candidate tasks, 

 – establish a list of priority among the candidate tasks,  

– consider the candidate tasks one after the other in respecting 

the list of priority and  

– assign them if the necessary resources are sufficient, 

– go to the next point where a task is finished and where resources are freed,

Until all the tasks have been scheduled.  

End

Algorithm 4.3. Principle of serial methods 

EXAMPLE 4.4. Let us again take Example 4.1. We have four workers and two 
machines on the construction site. The necessary needs are given in Table 4.7. 
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Task Workers Machines 

A 2 1 

B 3  

C 2  

D 2 1 

E 2 1 

F 2 1 

G 1 1 

H 2 1 

I 3  

J 1 1 

Table 4.7. Data for Example 4.4 

We will use the alphabetical order as a list of priority at each step.  

At the beginning of the project the three candidate tasks are, in order of priority, 
A, B and D. We will try to place them by taking them in this order: 

– we place A that takes two workers and one machine; 

– B cannot be chosen because there are only two workers available; 

– we place D that uses the two workers and the remaining machine; 

– we will be at instant 2 where A ends and liberates two workers and a machine  

– B is the sole candidate task, but cannot be chosen because there is still a 
worker missing; 

– we go to instant 3 where D liberates two workers and a machine; 

– the candidates that can be chosen are both B and G. 

Table 4.8 summarizes the sets of the steps.  
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Date Candidates Chosen Rejected 

0 A, B, D A, D B 

2 B  B 

3 B, G B, G  

5 H  H  

6 E  E  

9 C, I C I 

11 I, J I, J  

14    

16 F F  

Table 4.8. Execution of the serial algorithm for Example 4.4 

We thus obtain the Gantt chart in Figure 4.12.  

The essential question is to choose an order of priority. The lists of priority 
generally used are obtained from the results of sequencing without resources. We 
can take the tasks:  

– increasing by earliest dates (start or end); 

– increasing by latest dates (start or end); 

– increasing by total margins; 

– decreasing by costs when a notion of cost of lateness exists.  

Figure 4.12. Gantt chart of the cumulative example 
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In addition, this order can be fixed a priori and once and for all, (as is the case in 
Example 4.3) or modified at each step to take into account the tasks already placed. 
The question we would like to answer is what the best criteria of priority are, or at 
least in which type of project one criterion can prove to be better than another. Here, 
we do not know how to reply to either question. In a given project, some tests 
carried out in varying the times of each task show that the criteria that gave the best 
result for a problem might give the worst results for the following problem. 
Statistically, the fact of taking the increasing total margins gives, in percentage 
terms, the best results (but this can be the least good result in certain cases).  

Also, in practice, with the rapidity of calculations, we systematically test several 
criteria and we keep the best result. With the increasing power of computers, the 
tendency is to multiply the number of solutions explored. The simplest method 
consists of applying the serial method many times, choosing by chance the order in 
which we undertake the candidate tasks (random list of priority). We can also use 
metaheuristics based on neighborhoods of the tabu search, simulated annealing or 
genetic algorithms (see Chapter 3). 

Advantages and disadvantages of serial methods 

Serial methods are simple to use and their calculation time is very short. 
Fundamentally, these are methods of local optimization: we assign the resources 
each time that they are liberated. The result of this last point is that the use of 
resources is most often correct, but aberrations can appear. Let us consider the 
project with six tasks and four workers for which the graph is given in Figure 4.13.  

Figure 4.13. Illustrative example 

Let us apply the serial method. At instant t = 0, we have three candidates A, B 
and C and enough workers for the three. C liberates two workers at 3 and we can 
begin F. B liberates one worker at 4 and E can begin. We must wait for day 7 to 
have two workers to begin D. We finish in 11 days. For this project, the solution 

task/duration/workers A/4/1 D/5/2

B/3/1 E/3/2

C/2/2 F/4/1
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given by the serial method is unique and independent of the list of priorities (see 
Figure 4.14).  

Figure 4.14. Gantt chart of the serial solution  

However, this solution is not optimal. At instant 4, when B ends, we have two 
free workers and task E can begin. The serial method works like a good foreman: 
two workers are available and there is work to do; therefore we begin task E. The 
optimal solution (see Figure 4.15) would in fact consist of leaving the two workers 
inactive and waiting for day 5 in order to start D. We would finish at day 9. As we 
notice, to want to optimize the use of resources at every instant (local optimization) 
does not always lead to the global optimum.

Figure 4.15. Gantt chart of the optimal solution 

If we diminish the duration of a task or if we augment the number of resources, 
we very logically expect that the duration of the project will diminish or stay the 
same as before. The serial methods do not guarantee this. Let us take Example 4.3 
and use 5 days as the duration of B. We obtain a solution in 9 days (see Figure 4.16) 
no matter which priority is chosen, while if B lasts 3 days, the solution is 11 days.  
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Figure 4.16. Gantt chart of the solution with duration B = 5 

Let us now consider the small project in Figure 4.17 and let us take alphabetical 
order as the order of priority. If we have three workers, we need 7 days, and with 
four workers, we need 9.  

Figure 4.17. Instability of the results when the durations augment 

4.8. Time-cost trade-off problem 

Until now, we have not taken into account the possible interdependence between 
the duration of a task and its cost. For certain projects, it is possible to reduce the 
duration normally predicted for a task by assigning supplementary means to it. This 
reduction can only be made with certain limits. In general, it is more difficult and 
costly to gain the second day than the first, the third than the second, etc, which 
gives, between the cost and the duration, a decreasing relation as in Figure 4.18.  
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Figure 4.18. Relation between cost and duration 

It is possible to solve this problem in an optimal manner. We will introduce this 
method in a small example that we will solve step by step.  

EXAMPLE 4.5. The project is made up of seven tasks. We will, for once, represent the 
tasks in the form of an arc (see Figure 4.19).  

Figure 4.19. Graph PERT/CPM for example 4.4 

We know the number of days normally predicted to execute a task and the shortest 
possible duration (accelerated duration). We will suppose here that the costs are 
proportional to the number of days gained (see Table 4.9).  
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Task Arc Normal 
duration  

Accelerated 
duration 

Cost by day 
gained 

A 1, 2 3 2 5 

B 1, 3 6 4 7 

C 2, 4 4 2 4 

D 3,4 4 2 2 

E 3, 5 2 1 3 

F 4, 6 6 5 3 

G 5, 6 7 6 8 

Table 4.9. Data for Example 4.4 

Let us start the project with normal durations and with no extra cost (see Figure 
4.20). This project is of duration 16 and the critical path (1, 3, 4, 6) is unique.

Figure 4.20. Results for duration 16 

To reduce a non-critical task by one day will not reduce the duration of the project, 
even though it augments the cost. The choice is thus limited to (1, 3) of cost 7, (3, 4) 
of cost 2 or (4, 6) of cost 3. We reduce (3, 4) that has the lowest cost of a day. We 
now have the following project of duration 15 with a cost of 2 (see Figure 4.21). 

Figure 4.21. Results for duration 15 
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There are now two critical paths: (1, 3, 4, 6) and (1, 3, 5, 6). (3, 4) remains the 
task of least cost. But if we reduce only (3, 4), the path (1, 3, 5, 6) is still of duration 
15 and we have not shortened the length of the project. In order to do that, we must 
cut the passage between 1 and 6. There are five cuts possible:  

– (1, 3) of cost 7; 

– (3, 4) and (3, 5) of cost 2 + 3 = 5; 

– (3, 4) and (5, 6) of cost 2 + 8 =10; 

– (3, 5) and (4, 6) of cost 3 + 3 = 6; 

– (5, 6) and (4, 6) of cost 8 + 3 = 11. 

We choose the cut of minimum cost: (3, 4) and (3, 5). The project has a duration 
of 14 for a global cost of 7. We now have Figure 4.22.  

Figure 4.22. Results for duration 14 

We have used heavy dotted lines for the arcs (3, 4) and (3, 5) that can no longer 
be reduced. To descend to 13 days, there are 3 possible cuts, two that existed before 
(1, 3) of cost 7 and (5, 6) and (4, 6) of cost 11. Let us look at the last cut that passes 
by (1, 3), (3, 4) and (4, 6). We can no longer reduce (3, 4), but to reduce (1, 3) and 
(4, 6) is sufficient to cut all the critical paths for a cost of 10. However, in this case, 
the path (1, 3, 4, 6) would be of length 12 (5 + 2 + 5). We can thus increase (3, 4) by 
one day, which would allow us to gain 2. The cost of the cut (1, 3), (3, 4) and (4, 6) 
is thus 8.  

The optimum nevertheless remains the cut (1, 3) of cost 7 and the project has a 
duration of 13 days for a global cost of 14. We leave it to the reader to find the best 
cut to descend to 12 days (global cost of 22) and 11 days (global cost of 36). Having 
arrived at 11 days, there is a path entirely constituted of arcs with minimum duration 
(see Figure 4.23). It is no longer possible to reduce the duration of the project. 
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Figure 4.23. Results for minimum duration 11 

The solution of PERT-cost is connected to the search for minimum cuts in the 
graph of critical tasks. The problem of the minimum cut is equivalent to the problem 
of maximum flow (Ford-Fulkerson’s theorem). The possibility of increasing tasks 
previously reduced presents here a slight change in the classical algorithm of Ford 
and Fulkerson (see pages 151–162 of [FOR 62]). If we trace the cost/duration 
function of the project, we notice in this example that the function obtained is 
decreasingly convex. This property is true in the general case if the cost/duration 
functions of each task are decreasing convex.  

4.9. Conclusion 

In this chapter we have presented the classical methods used in project 
scheduling. However, there remains work to do in this domain; for example, to 
ameliorate frequent constraints of the daily workload in construction (problem of 
equalizing the workloads from one day to the next). Let us also remember that 
project management is not only limited to its technical aspects, but it remains a 
management problem. 
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Chapter 5

Operations Management
in Transportation Networks 

5.1. Introduction 

5.1.1. A bit of history 

Until the end of the 1970s, most researchers used approximate methods to solve 
the large-scale problems encountered in industrial transportation applications. By 
reading the survey article [BOD 83], we can appreciate the main concerns of this 
research area and notice the variety of mathematical models and the computational 
methods then used to solve them. At the beginning of the 1980s, a new class of 
problems became apparent, taking into consideration time windows that limit the 
beginning or the end of various activities. Our research thus led us to solve a school 
bus routing problem where, in the morning, for example, the school children had to 
arrive at school inside of a time interval before school started. This rather simple 
management problem enabled us to point out certain weaknesses in the current 
optimization methods. At the pace the scientific community was progressing, 
beginning with simplified cases and adding the difficulties one by one, it would 
have taken a century before solving to optimality the large industrial applications. 

We took an original research direction, that of developing a solution approach 
taking advantage of the many constraints of real problems rather than trying to use 
ideas that are only efficient for problems with few constraints. The importance of 
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this research work was rapidly recognized, as we can see in the success of the 
methodology applied to school transportation [DES 84]. Thereafter, this approach 
was used to schedule bus drivers [DES 89] and to prepare itineraries for vehicles 
transporting handicapped people [DES 88c]. At the end of the 1980s, the first 
commercial version of the optimization software system GENCOL was available for 
these three applications. Later, the research was oriented toward other very 
important applications, notably in air and rail transportation. 

The acronym GENCOL comes from the French expression GÉNération de 
COLonnes (that is, column generation), the optimization method used by 
researchers to solve many vehicle routing and crew scheduling problems. In the 
following pages, we describe the main aspects of this method and also look at some 
modeling considerations encountered in several contexts of operations management 
in large transportation networks. 

5.1.2. University–industry: a winning partnership 

Operations research is built on a balanced mix of mathematics and computer 
science applied to management, and several members of the scientific community 
are famous for the quality of their accomplishments, as well as for fundamental 
discoveries for the commercialization of optimization software systems. The 
research carried out for more than 25 years has thus enabled us to identify a 
common structure for vehicle routing and crew scheduling problems [SOL 88, 
DES 95, DES 98a], with numerous applications in the domain of urban, air and rail 
transportation. With this harmonious marriage of mathematics and computer 
science, it is now possible to solve many routing and scheduling problems. The 
diversity of applications, each with its own difficulties, is thus an open door to the 
future of operations research as it enables the development of many innovative 
optimization software systems. 

Research is expensive and it is necessary to reach a critical mass to succeed in 
achieving the first rank. It is incontestable that the universities and government 
institutions have favored, and must still favor, the realization of large projects in the 
domain of transportation, the former to create large research centres, the latter to 
support their infrastructure. These large-scale projects consolidate university 
training in graduate schools, generate hundreds of jobs and increasingly accentuate 
the international leadership of commercial and industrial partners. 

The role of these industrial partners is very important. Indeed, they often 
determine the relevance of the problems studied and maintain adequate industrial 
transfers of the new technologies. Therefore, young enterprises can benefit from 
exceptional research results, their technological advantage allowing them to start 
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and grow in markets that are sometimes already occupied by mature products 
developed by the world giants of computer science.  

5.2. Fundamental notions 

5.2.1. A common structure 

A fundamental result of the work previously mentioned has been to identify a 
generic problem appearing in many applications [SOL 88, DES 95, DES 98a]: that 
is, to cover at the least cost a set of tasks by choosing in a graph a subset of paths
satisfying the operating constraints.

This generic problem appears in vehicle routing problems. Tasks represent bus 
trips, plane flights, train segments, etc. Paths represent the itineraries that one must 
determine to do all these tasks. Operating constraints concentrate, for example, on 
the capacity of the equipment, the kilometers or the maximum duration before the 
maintenance, etc. They can also impose intervals or time windows during which the 
programmed tasks must begin. 

The generic problem also appears in crew scheduling problems. Tasks then 
represent bus trips, plane flights and train segments between places where one can 
replace the crews. A path represents the sequence of tasks performed by a crew. For 
bus drivers, it is a question of workdays; for plane and train crews, it is a question of 
rotations leaving from a city, working for several days broken up by rest periods, 
and returning to the same city. Operating constraints on paths can be the minimum 
and maximum durations of rest and of workdays, as well as other rules arising from 
the labor agreements with the employees. Finally the establishment of monthly 
schedules occurs. In this case, tasks are workdays for the bus drivers or crew 
rotations in air transportation that it is now necessary to assign to the employees. A 
path is then defined by the sequence of tasks, days off and training days of an 
employee during the selected month. Operating constraints on these paths are the 
rules of the labor agreements, for example on the number, duration, and schedule of 
days off, on the maximum and minimum worked time, etc. 

EXAMPLE 5.1. Let us consider the problem of assigning planes to flights so as to 
maximize the profits for the month to come. With several plane types to choose 
from, the largest planes would usually be assigned to the flights where the demand 
is the greatest, while the smallest planes would be assigned to flights with small 
demand. Cost often takes negative values, a result of the expenses incurred minus 
the revenues, a calculation based on the capacity of the plane used, on an estimate of 
the prices and on the number of tickets sold, etc. In addition, we suppose that the 
exact flight departure times have not yet been completely determined, but are rather 
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given in time windows of, for example, 30-minute duration. These time intervals 
leave flexibility in the optimization process.  

Based on the current location of the planes, we construct itineraries aimed at 
covering each flight exactly once, while determining the departure times. For a 
given plane we must add the waiting time on the ground to the flight duration (a 
function of the type used) so as to validate its itinerary by verifying the departure 
time of each planned flight. If we take maintenance into account as well, we also 
keep track of the total flight time that must remain well within a threshold value, as 
required by the security rules; this flight time is set back to zero once the 
maintenance has been completed. 

The notion of a path under operating constraints is thus omnipresent in all the 
applications mentioned above. If we can construct all the paths that satisfy the 
operating rules, the only thing that remains is to choose a certain subset of these to 
cover the programmed tasks. We present in the following section the first problem 
of this type found in the literature. It is a relatively simple case only involving a cost 
component and a single time characteristic. It is however at the origin of the 
development of optimization methods now used in this vast domain of applications. 

5.2.2. The shortest path problem with time windows 

The shortest path problem with time windows aims to determine the least costly 
path between two given vertices in a space-time network while respecting the time 
intervals associated with the visited vertices [DES 83]. Two components are present 
on each arc of the graph: cost and duration. By cumulating the durations, we can 
validate the paths by verifying if the time component satisfies the time interval 
imposed on each visited vertex. 

When we consider only the arc cost, the shortest path between a source vertex 
and a destination vertex is relatively simple. To solve this problem, there are several 
iterative algorithms that all possess the following fundamental property: in each 
vertex, we keep only one cost label, the best one that gives an overestimation of the 
total cost from the source. This label is updated each time that it is improved. The 
left side of Figure 5.1 illustrates this aspect: four values are calculated for the lower 
vertex, but only that of the least cost (37) is retained. It is quite different in the 
presence of a supplementary time component. The elimination of a two-dimensional 
label by another is only possible if both the time and cost components of the best 
label are smaller than or equal to the components of the eliminated one. Of the four 
labels calculated on the right side of Figure 5.1, only one is eliminated. For 
example, the first and the last labels are not comparable. Indeed the last label has the 
lowest cost but the possibilities of extending the associated partial path are limited 
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by the high value of the time component. However, it would be easier to add new 
vertices to the path associated with the first label, thus increasing the chances of 
finding a better path.  

Since they satisfy the time interval associated with a vertex, the labels retained 
constitute a set of efficient labels. The reader will notice that if the efficient labels 
are sorted in increasing order of time, the cost component appears in decreasing 
order. The solution algorithms exploit this important property. 

5.2.3. Some mathematics 

For the shortest path problem with time windows, le us consider G = (V; A), a 
directed graph where A is the arc set while V indicates the vertex set. Moreover we 
have V = N {o, d}, with N being the set of possible visited vertices on a path from 
the source o to the destination d. A time window [ai , bi], i  V is associated with 
each of the vertices. A path in G is defined as a succession of vertices of V,
connected two by two by an arc of A. All the paths begin at time ao at the source 
vertex o and end at the destination vertex d at the latest at bd. If the arrival time at a 
vertex i is smaller than the lower bound ai , a waiting time is necessary, and this 
without penalty. With each arc (i, j)  A is an associated cost cij and a positive 
duration tij. An arc (i, j) is only defined in A if ai + tij  bj . According to the context, 
other conditions for the validation of the arcs can be imposed; we think, for 
example, of the connection between two flights, the departure airport of a flight 
being necessarily the arrival airport of the preceding flight.

cost 
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Figure 5.1. Labels at a vertex 
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A binary flow variable Xij is defined on arc (i, j)  A and it takes value 1 if the 
optimal path goes through that arc, and 0 otherwise. A time variable Ti is defined on 
each vertex, in the interval [ai , bi], i  V. We suppose that the service time at vertex i
is included in value tij, (i, j)  A. A time variable thus represents the start of service 
at a vertex. With this notation, the mathematical formulation is the following: 

( , )
Minimize

s.t.
1,
0,
1,

binary, ( , )

,
( ) 0, ( , )

ij ij
i j A

ij ji
j V j V

ij

i i i

ij i ij j

c X

i o
X X i N

i d

X i j A

a T b i V
X T t T i j A

The objective function minimizes the cost of a path that starts at vertex o and 
ends at vertex d. For each of the other vertices, we have a flow conservation 
constraint. A binary flow variable is defined for each arc while a time variable is 
defined for each vertex. The nonlinear relations establish the link between the flow 
and the time variables: if Xij = 1, then Tj Ti + tij . Since Tj aj , we have that 
max{aj , Ti + tij } Tj bj , indicating the possibility of a waiting time if Ti + tij < aj.

5.2.4. A generic algorithm 

Several dynamic programming algorithms have been developed to solve the 
shortest path problem with time windows. Without going into all details, we present 
some important aspects. 

We have already mentioned that for each vertex, we keep the set of efficient 
labels, that is the set of (time, cost)-vectors that do not dominate each other. In fact, 
for two labels ),( 11

ii CT  and ),( 22
ii CT  corresponding to two different paths leaving 

from source o and arriving at vertex i, the first label dominates (and eliminates) the 
second if and only if ),(),( 2211

iiii CTCT . We denote by Elim this operation of 
elimination of the dominated labels. Let us define at vertex i, (i)={j: (i, j) A} the 
set of successor vertices and ),( e

i
e

iei CTQ  the set of the current labels. The 
basic operation of dynamic programming algorithms applied to the shortest path 
problem with time windows is to transfer the vectors kept at vertex i to all the 

[5.1] 
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successors of this vertex. For label ),( e
i

e
i CT  and arc (i, j) A, the new label created 

in vertex j is given by the following transformation: 

(max{ , }, ), if   
( , )

,         otherwise.

e e e
j i ij i ij i ij je e

ij i i

a T t C c T t b
f T C

Transformation fij , an extension function, creates a label from i to j if the time 
component does not exceed the upper bound bj of the time window. This 
transformation must be applied to all the labels of Qi . At vertex j, the new labels are 
given by ),( e

i
e

iije CTf .

Not all these labels are efficient, notably because those for which jij
e

i atT
necessitate a waiting time take the same time value aj but with different costs. In 
addition, among the new labels, some can dominate or be dominated by the labels 
already present in Qj. The new set of efficient labels at vertex j results from the 
application of the Elim operator to the set 

j
e
i

e
iije QCTf ),( . The treatment of a 

vertex i ends when all the successors j (i) of this vertex have been treated. The 
generic algorithm presented below (Algorithm 5.1) uses LIST, the set of vertices that 
must be considered again. In such a vertex, there is a modification of the set of 
efficient labels. 
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Algorithm 5.1. A generic dynamic programming algorithm
for the shortest path problem with time windows

With this generic algorithm we end our brief glimpse of fundamental notions. 
The interested reader can look at specialized articles on the subject that, of course, 
build on diverse properties of the shortest path problem with time windows 
[DES 86, DES 88a, DES 88b]. The most important is certainly the fact that the time 
component must always be non-decreasing, which enables us to immediately do a 
chronological treatment of the labels rather than the treatment of the vertices. Thus, 
the labels can still be ordered according to the time, which ensures the convergence 
of the algorithms presented in the literature, even in the presence of circuits of 
negative cost. This property induces the construction of an acyclic graph where the 
vertices are copies of the original vertices at different times, that is, all those that are 
possible in the given time interval. We come back later to the generalizations of this 
key problem. In particular, we consider the extensions to several dimensions as well 
as to other nonlinear extensions functions that can model many practical situations. 
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5.3. A mechanism of decomposition 

5.3.1. Local restrictions and global constraints 

The methodology described here also applies to problems encountered in 
strategic planning of vehicle routing and crew scheduling, as well as to the daily 
management of operations. These combinatorial problems deal with a great number 
of itineraries or schedules, the possible choices being given by binary decision 
variables. The models also include nonlinear constraints; we recall, in the shortest 
path problem with time windows, the constraints expressing the compatibility 
between the flow and the time variables, or again, the function max{aj, Ti + tij}
determining the start of service at vertex j coming from i. Economic issues may 
even result in discontinuous cost functions. For example, Figure 5.2 illustrates a 
minimum guarantee of 3 hours of work, then a regular hourly rate up to 7 hours 
followed by a bonus and a new higher hourly rate for the overtime work.  

We now examine certain mathematical concepts capable of dealing with these 
complex but realistic aspects of applications encountered in operations management 
in transportation networks. The generic problem consists of covering at the least 
cost a set of tasks by choosing in a graph a subset of paths satisfying the operating
constraints. Its solution is represented by paths where each corresponds either to the 
itinerary of a vehicle, or to the schedule of a crew member. To solve it, we break it 
into two parts: one part is in charge of all the local restrictions, that is, specific to a 
single path; the other part selects among the possible paths those that satisfy the 
global constraints for the covering of the tasks.  

Examples of local restrictions on a single path are numerous and we have 
already evoked several: time window for the beginning of service of a client, vehicle 
capacity, minimum and maximum work time during a workday or a rotation, etc. 

)(Tf

T
3  7 0

Figure 5.2. A discontinuous cost function
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Most of the local restrictions are described with the help of extension functions. 
When these are non-decreasing, it is easy to manage them using algorithms similar 
to that of the shortest path problem with time windows [DES 98a]. If the cost 
function possesses the same properties, it is equally easy to treat it in an optimal 
fashion.  

Global constraints ensure firstly the covering of the tasks. For example, we must 
use a single plane but several crew members to cover a Montreal-Paris flight. Other 
examples concern the number of planes of each type, the number of full-time and 
part-time workers, the number of work hours allotted to the personnel of a crew, etc.  

The advantage of the proposed decomposition is that it keeps all the nonlinear 
aspects of the generic problem at the level of the local restrictions [DES 95, 
DES 98a]. This decomposition is only valid if the cost of a path is independent of 
the cost of the other paths. In this case, even if the cost of a path is a nonlinear 
function, once calculated it becomes a scalar, as illustrated in Figure 5.3. In this 
figure, 10 tasks must be performed (covered), twice for tasks 2 and 5 while all the 
others are only covered once. Each column corresponds to an admissible schedule 
whose cost is given in the first row. In a column, the value 1 appears for every 
covered task. We could interpret the last four lines as follows: we must select at 
most 2 schedules of the first type consisting of at least 25 hours of work, and at most 
4 schedules of the second type totaling up to 40 hours of work.  

From the matrix structure in Figure 5.3, we can consider a formulation for our 
generic optimization problem [DES 95, DES 98a]. Let K be the set of the types of 
paths, one type per crew member, vehicle or similar group. For k  K, matrix Bk

represents the admissible paths (itineraries or schedules), while Dk gives the 
contributions to the other global constraints, Yk is the vector of path variables, and ck

is the corresponding cost vector.  
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Figure 5.3. Matrix structure of global constraints 

The cover of the tasks is expressed by vector b; the demand for the other global 
constraints by vector d. Using when needed slack and surplus variables to obtain 
constraints expressed in the form of equalities, the problem of covering a set of 
tasks at the least cost by choosing in a graph a subset of paths satisfying the 
operating constraints becomes: 
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The preceding problem is a linear program with integer variables. To solve it, we 
go first through the solution of its linear relaxation; we remove the integrality 
restrictions on the decision variables and thus obtain a lower bound for the optimal 
value of the cost function. In a progressive branch and bound tree, additional 
constraints are then added so as to determine an optimal solution satisfying also the 
integrality of the decision variables. The number of admissible paths is generally too 
large for it to even be conceivable to efficiently solve the linear relaxation of [5.2]. 
In this case, we call upon an optimization technique called the column generation 
method; we describe it in the following sections. The reader who is less interested in 
the technical aspects of this solution method can go on to section 5.4. 

5.3.2. The column generation method 

The column generation method first considers the linear relaxation of problem 
[5.2] and separates it into two parts: a master problem and some sub-problems. The 
master problem coordinates the global or coupling constraints; it selects a subset of 
minimum cost paths to cover all the tasks. The sub-problems, one by type of 
vehicle, of crew member or of a similar group, generate, as needed, the paths 
satisfying the local restrictions. The optimal solution is obtained by solving 
alternatively the master problem and the sub-problems; by solving the master 
problem with the current paths, we obtain the best current solution, then we 
generate, by solving the sub-problems, new paths that enable us to eventually 
improve this solution of the master problem. 

This approach treats most of the complex constraints (for example, labor 
agreements) at the level of the sub-problems. The master problem that contains only 
linear constraints and a linear cost function can be efficiently solved with the 
simplex algorithm. For the sub-problems, it was necessary to develop a whole 
family of dynamic programming algorithms, solving in integer numbers shortest 
path problems with nonlinear constraints and cost functions, which are not 
necessarily convex [IRN 05]. Without all the details of the mathematical aspects, it 
is impossible to correctly present the column generation method. However we will 
bring out the essential points and refer the interested reader to more specialized 
works.

We call a restricted master problem a master problem that is formed by a subset 
of all admissible paths. The solution of this problem supplies essentially three types 
of information: on the one hand, the value of the cost function and that of the 
current variables Yk, and, on the other hand, the vectors of the dual variables b and 

d associated with the constraints of formulation [5.2]. In the simplex algorithm to 
solve linear programs, the choice of a new variable entering the basis is made from 
the calculation of the reduced cost of the variables. The basic variables have a zero 



Operations Management in Transportation Networks      149 

reduced cost value. If the reduced cost of a non-basic variable is negative, it can 
enter the basis; otherwise the current solution is optimal. In our context, the vector 
of reduced costs associated with type k is given by the expression: 

).( kdkbkk DBcc

We use exactly the same kind of information to evaluate the paths that are not 
yet present in the restricted master problem, but that could eventually improve the 
solution. Knowing the structure of the paths that we must construct, we have to 
solve an optimization problem that is a constrained shortest path problem, at the 
same time integrating the local restrictions and the current dual vectors. We have to 
solve a shortest path problem similar to the one presented in formulation [5.1] with 
the local restrictions introduced in the form of multidimensional labels while 
incorporating in the cost function the dual information ( b, d). For type k, the sub-
problem is defined on the graph Gk = (Vk ; Ak), and the new cost function to 
minimize takes the form  

,
),( kAji

ijkijk Xc

where, as before, Xijk is a binary variable, while ijkc  adequately integrates into the 

arcs of graph Gk the dual information of the covering and the other global 
constraints. Gk is in fact a space-time network where the arcs represent various 
activities (such as task, waiting, rest, empty moving, etc) while the vertices are 
places at specific times (for example, airport, railroad station, storage area, etc). 

 To calculate the reduced cost ijkc  of an arc, we subtract from its original cost cijk

the corresponding dual variables b and d, these last variables being multiplied by 
the contribution of this arc to the covering constraints in Bk and to the other global 
constraints in Dk.

If there is a sub-problem for which the optimal value of the modified cost 
function is negative, the path found can improve the solution of the current 
restricted master problem and the column corresponding to this non-basic variable is 
added to the matrix structure. Otherwise, when the value of the cost function of all 
the sub-problems is zero, the current solution to the restricted master problem is 
optimal for the linear relaxation of the master problem and the process of column 
generation ends. The solution of the sub-problems thus determines the detail of the 
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paths so as to construct matrices Bk and Dk of formulation [5.2]. It also provides the 
stopping criterion for the column generation method. 

5.3.3. Solutions satisfying the integrality constraints  

We have already mentioned that to obtain the solution in integer numbers for 
problem [5.2], it is necessary to develop progressive branch and bound methods, 
that is, branching decisions and cutting planes compatible with the column 
generation method [DES 95, DES 98a]. These mathematical developments have in 
fact solved an open problem known since the beginning of the 1960s when the 
column generation method had begun to be used in certain optimization problems, 
but techniques to obtain integer solutions were not yet well developed.  

The main difficulty is the following. Let us suppose that the decision variables 
Yk of problem [5.2] only take binary values: 1 if the corresponding path is used in 
the solution, and 0 otherwise. When the solution of the linear relaxation to the 
master problem is fractional, it is easy to fix by branching such a variable to 1. In 
fact, it is a matter of subtracting from the vectors b and d the contribution of this 
column and solving a new problem that is smaller than the preceding one. However, 
there is no simple way to fix a decision variable to 0. We cannot simply remove this 
column from the restricted master problem since, as it is part of the optimal solution 
of the linear relaxation, it will again be generated by one of the sub-problems.  

The trick is to rewrite the generic problem [5.2] as a multi-commodity flow 
model, nonlinear and integer in Gk , k  K, with coupling constraints and resource 
variables [VIL 05]. Each commodity k  K represents a type of path, by crew 
member or by vehicle. The covering constraints of the tasks are directly taken into 
account by the structure of the flow constraints on the arcs comprising the tasks 
while the coupling constraints determine the other global constraints. In addition, 
resource variables, such as the time worked, the load of a vehicle, the mileage since 
the last maintenance, etc, serve to model the local restrictions on a single path. They 
are accumulated on the arcs of a path, verified and updated on the vertices, in 
practice by extension functions that are often nonlinear.  

We exploit the structure of this new model with a mathematical method: the 
Dantzig-Wolfe decomposition [DAN 60] developed at the beginning of the 1960s. 
This method explicitly creates the same structures of master problem and sub-
problems introduced in the approach by column generation. Even if we add new 
constraints arising from branching decisions and cutting planes, this decomposition 
mechanism remains valid. These new constraints either appear in the structure of the 
global constraints Dk , k  K and the vector d, or they simply modify the shortest 
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path sub-problems. Branching decisions can be taken on the binary flow variables 
Xijk or on the resource variables. Thus, we can, for example, fix a flow variable at 0 
or 1, use the division of the time intervals, or utilize well-known constraints from 
the literature to determine integer solutions. For all nodes of the branch and bound 
search tree, the decomposition principle is applied each time in order to solve the 
linear relaxation of the new master problem. The solution of the master problem, 
given in terms of the path variables Yk , fractional or not, is then carried forward in 
the formulation of the multi-commodity flow model to verify if the variables Xijk are 
integer numbers or not. In practice, each application requires adapted strategies of 
branching and cutting that exploit its characteristics. Nevertheless, the theoretical 
difficulties raised by the column generation method applied to programs in integer 
numbers are completely set aside [LUB 05].  

5.4. Diversity of the local restrictions 

5.4.1. A few words on the extension functions 

The solution approach by decomposition takes advantage of the constraints of 
real problems by keeping the local restrictions at the level of the construction of the 
feasible paths. As for the shortest path problem with time windows, these local 
restrictions are very often expressed with the help of resource variables cumulated 
on the arcs of a path, verified and updated on the vertices, in practice by nonlinear 
extension functions. Despite the diversity of the local restrictions, we have already 
mentioned that most of the extension functions from one vertex to another are non-
decreasing functions. We now look more closely at this aspect. 

In formulation [5.1] describing the shortest path problem with time windows, let 
us replace the last set of constraints

AjiTtTX jijiij ),(,0)(

with a more general form [DES 98a]:  

.),(,0))(( AjiTTfX jiijij
.

If variable Xij, (i, j)  A takes value 1 on a path, we have Tj fij(Ti), that is, the 
value of resource Tj evaluated from vertex i to vertex j is a function of the resource 
variable Ti of the preceding vertex, given by fij(Ti).

Figure 5.4 presents some of the most common extension functions. In the upper 
left part, fij(Ti) = Ti + tij is the usual function for the total cost or the accumulated 
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transported load in a vehicle; more generally, it is the extension function utilized 
when there is no lower bound on the value of a linear resource. In the upper right 
part, we again find the piecewise linear function fij(Ti) = max{aj , Ti + tij} that we 
have already analyzed during the study of the shortest path problem with time 
windows. This function is also used, but only at the destination vertex d, if the cost 
function imposes the payment for a minimum work time. 

In the lower left part, the strictly increasing function fij(Ti) = Ti - tij allows the 
value of a resource to be decreased. We can thus impose restrictions on the 
remaining capacity of a vehicle rather than on the load that it transports. For 
example, this function is used when the lower bound of a time window must be 
satisfied in a strict manner, without waiting. The restriction at vertex j given by aj

Tj bj is then treated with two resources and two extension functions. For the upper 
bound Tj bj , we use function fij(Ti) = Ti + tij . By setting NegTj = -Tj for each vertex 
j  N, the lower bound -Tj -aj becomes NegTj -aj and this time we use function 
fij(NegTi) = NegTi - tij. An example of application concerns the pilots of certain 
airlines to which we must attribute a minimum of 72 and a maximum of 78 flight 
hours per month. 
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Figure 5.4. Some non-decreasing extension functions fij(Ti)
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In the lower right part of Figure 5.4, we find the constant function fij(Ti) = aj. If 
aj = 0 for example, Tj can represent a counter adding up the number of flights made 
each day by a pilot, a counter that must be set back to zero at the beginning of each 
day, for example by using an arc whose associated activity takes place during the 
night. Similarly, the resource variable counting the time worked by a pilot is 
reinitialized at 60 minutes at the beginning of a workday; this value corresponds to 
the briefing time before the first flight.  

Finally, we recall that the composition of non-decreasing functions is also a non- 
decreasing function. This important property allows us to model numerous practical 
situations even if the current functions are neither convex nor continuous. We can in 
this way combine the restrictions imposed by a sequence of several arcs with the 
help of a single function. 

EXAMPLE 5.2. Let us consider Figure 5.5 where a resource T cumulates the work 
time of a pilot, this being limited to 7 hours a day (420 minutes). At the end of the 
last flight represented by vertex i, in order for the arc (i, j) to be valid, it is necessary 
that the cumulative time Ti plus the time for debriefing (30 minutes) is less than 7 
hours, that is fij(Ti) = Ti + 30 420. During the night period on the arc (j, k), the 
resource is set back to zero while it is reinitialized at 60 minutes (the duration of the 
briefing) before the first flight of the following day. These three functions on three 
successive arcs can be replaced by a single one if we create the arc (i, l) for which 
the composite extension function becomes fil(Ti) = 60 if Ti + 30 420.

Figure 5.5. An example of the composition of extension functions 

 j  k  i 
flight debriefing briefingnight

 l 
flight

 l 
flight

 i 
flight debriefing/night/briefing

fil(Ti) = 60 if Ti + 30  420 

fij(Ti) = Ti + 30  420 fkl(Tk) = Tk + 60fjk(Tj) = 0 
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It sometimes happens that, in order to evaluate the value of a resource variable at 
vertex j by using the arc (i, j), it is necessary to use several resource components 
calculated at vertex i. This is the case in air transportation where the cost of a pilot 
rotation can depend on the number of flight hours and the number of worked hours, 
the time of post-flight rest, the number of flights, the number of days, etc. 
Intuitively, we thus see that the extension function fij(Ti) can be generalized to fij(Ti),
where the vector Ti corresponds to the set of all resource variables calculated at 
vertex i. Other examples have been given in the literature, notably in the carriage of 
goods when it is possible during a tour to allow at the same time both pickups and 
deliveries [DES 98a]. However, it is not within the scope of this work to go into the 
details of such situations.  

5.4.2. Modeling examples  

In the preceding sections, we have given some examples showing the 
possibilities of modeling complex situations by using the proposed approach. We 
have indicated how to manage the case of a cost function that guarantees the 
payment of a minimum work time and how to satisfy in a strict manner the lower 
bound of a time window. We present some additional examples to illustrate the 
versatility of the solution method discussed in these pages. 

EXAMPLE 5.3. Let us consider the routing of vehicles of different types for which the 
operating costs from a single depot o are the same. Assume there are capacities of 
85, 90 and 100 units. It is clear that three sub-problems can be used, one per vehicle 
type. However we can use a single sub-problem by creating an artificial vertex õ at
the exit of the depot. Three parallel arcs connect vertex o to vertex õ: on the first 
arc, the load resource consumes 15 units; the consumption is 10 units on the second, 
while it is zero on the third. Therefore, the residual capacities from vertex õ are 85, 
90 and 100 units. 

The preceding example shows that sometimes it suffices to modify the network 
structure to model a rule that a priori can appear quite complex. The following 
example is remarkable in this regard. 

EXAMPLE 5.4. Most of the labor agreements allocate rest periods and meals during a 
workday. How can we model the attribution of a 90-minute lunch period in a time 
interval of 2 hours, at least 4 hours after the beginning of the workday? We present 
in Figure 5.6 a visual solution for this little brainteaser. The upper part gives a 
representation of a space-time network where are indicated in a very schematic 
manner the origin vertex o and the destination vertex d as well as N, the set of 
clients served. If there is no break allocated for lunchtime, an itinerary in this 
network begins at o, visits a subset of clients of N, and ends at d. The lower part of 
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the figure presents a network with the lunch period: between 4 and 6 hours after the 
beginning of the workday (a time bracket of 2 hours), the space-time network is 
duplicated and presented on two levels. These levels are connected by lunch arcs 
with a duration of 90 minutes; it then becomes impossible to construct an itinerary 
from o to d without going through these lunch arcs. Note that since the lunch 
duration is 90 minutes, the duplicated portion of the space-time network is reduced 
to only 30 minutes. 

Figure 5.6. A two-level space-time network 

The preceding example can be generalized to the case of several breaks and 
meals. We notice that in practice the network size is only increased a little. This 
modeling trick has been used with success for an air carrier to determine the 
assignment of monthly tasks to the pilots. The labor agreements imposed exactly 10 
days off per month according to specific patterns; a space-time network requiring 
nine levels allows us to satisfy this unavoidable rule. 

We first introduced at the beginning of the chapter the problem of the shortest 
path with time windows, a problem that requires only a single resource (the time 
accumulated since the start of the path). Following this, we mentioned the 
generalization with several resources [DES 86, IRN 05]. As an example, we can 
give the classical problem of vehicle routing with time windows that requires the 
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addition of a resource concerning the load transported. Most applications use 
resources for which the extension functions from one vertex to another are non-
decreasing. Sometimes this is not the case, as the following example shows. 

EXAMPLE 5.5. In some vehicle routing applications we can slightly modify the time 
window [ai, bi] imposed by a client i by paying a penalty if we are either early or 
late for the start of service. As Figure 5.7 illustrates it, the penalty for the delay 
presents no difficulty since it is an increasing function of the time. On the other 
hand, the penalty is decreasing if we begin the service in advance. For this much 
more difficult case we developed a special algorithm for this new shortest path with 
time windows to be able to correctly treat this particularity [IOA 98]. 

Figure 5.7. Cost function on the start of service 

In practice, this type of algorithm that takes into account decreasing extension 
functions is, in CPU time, one order of magnitude slower than the preceding 
algorithms and we try to avoid their use by discretizing the corresponding time 
portion with only some time values. It is however necessary to know that the 
number of applications that interest us becomes more and more important. There are 
several of them in air transportation. One concerns the synchronization of a group of 
flights: for the flight from Montreal to Paris on Monday, Wednesday and Friday 
evenings we have to determine a departure schedule so that it is at exactly the same 
time each day. We thus have constraints connecting the departure time of the three 
flights. In the course of solving this, the dual information provided by the master 
problem penalizes either negatively or positively the departure time of a flight 
according to whether the current time at a vertex is too early or too late in 
comparison with the others [IOA 99]. Another application aims to sufficiently space 
the high frequency round-trip flights between two large cities [BEL 06]. Finally, we 
can measure the importance of this type of algorithm when we think about all the 
interdependent time components if, in the course of operations, we must redo the 
schedules in order to cope with a disruption of the scheduled hours [STO 01].  

 ai    bi   
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5.5. Applications in large transportation networks 

5.5.1. Urban transportation 

The first of these applications to be realized in large transportation networks was 
the scheduling of bus and metro drivers [DES 89]. This was in fact at the origin of 
the research done from 1984 to 1986 regarding algorithms for the shortest path 
problem with resource variables. However, it was necessary to wait until 1990 to 
see the first commercial installation in Lyon, France. In the following 15 years, 
other installations were added in more than 250 cities, including Tokyo, Singapore, 
Helsinki, Stockholm, Vienna, Barcelona, New York and Chicago. The GENCOL 
optimizer that solves mathematical model [5.2] by column generation is at the heart 
of the HASTUS software system distributed by GIRO, a Montreal consulting firm in 
operations research.  

It was in order to overcome the difficulties encountered with the data in Tokyo 
in 1993 that many technical developments were made. The test problems consisted 
of 2,000 to 3,000 bus trips, and metro and suburban train trips, with work periods of 
one or two days, and very complex labor agreements. It was thus impossible for the 
Japanese schedulers to find solutions satisfying all the rules of their contract. Three 
months after the start of the research project, the time needed to correctly model the 
space-time network and all the rules, the GENCOL optimizer produced solutions 
with substantial savings of about 15% of the payroll.  

Two other applications originated in urban transportation. The optimizer can 
also be used to allocate buses to routes: one wants to find the vehicle routes at the 
least cost by selecting the buses from the bus stations of a city [RIB 94]. Finally, 
GENCOL is also integrated in DARSY (Dial-a-Ride System) for the handicapped 
and elderly people [DES 88c]. The prototype was produced during the period 1985–
1987. It was first necessary to develop a new algorithm to solve the shortest path 
problem integrating pickup and delivery [DUM 91]. We should also realize that 
every day in the large Canadian cities, more than 5,000 people need adapted door-
to-door transportation, where they can specify the desired hours. In the past, those 
asking for transportation had to reserve a seat a week in advance. Optimized 
itineraries are now done in a single evening, and additional requests are inserted in 
the course of operations.  

5.5.2. Air transportation 

The research in air transportation began to take off in 1990 with work done for 
Air France [DES 97a]. Since the beginning of the 1960s, the problem of preparing 
crew rotations has excited the operations research community and it still provides 
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both theoretical and practical research projects. In short, we want to assign a crew to 
each flight in the form of a circuit of several days. The flying personnel (pilots, crew 
members, etc) must terminate their work period in the city of departure (base) and 
the rotations must satisfy all the rules imposed by the labor agreements. The 
mathematical formulation is again the one presented in model [5.2] with vector b
taking unitary values. The number of admissible rotations is astronomical. For a 
small problem of an American company with only 300 flights, there were more than 
190 million million variables! Even in generating all the good rotations, it is usually 
not possible to find solutions satisfying all the constraints of a problem. The best 
solutions generally combine good and less good rotations. The column generation 
method however allow us to implicitly have access to all these rotations. 

Regarding computational results, let us consider the following example. It is a 
problem encountered at Air Canada for the crews on DC-9 and A320 planes 
counting, in one month, 5 bases and 11,914 flight segments. For this airline carrier, 
the variable costs represented 7.80% of the total cost of the rotations. The solution 
found by the GENCOL optimizer reduced this value to only 2.03%. 

The GENCOL optimizer is integrated in the Altitude Suite [DES 00], a family of 
products distributed by the consulting firm AD OPT in Montreal, a division of 
Kronos Canadian Systems Inc. More than 20 airline carriers use it to prepare their 
crew rotations, to do the monthly planning [GAM 98, GAM 99] and to manage their 
fleet of planes [DES 97b]. As a percentage, the savings are of the same order of 
magnitude for all these applications. Tests realized for the monthly planning at Air 
France concerning the attribution of 3,000 rotations to 840 crew members based at 
Charles de Gaulle airport in Paris have given a coverage for regular crew members 
that is 7.6% more than the method used by the company. To manage air fleet, tests 
realized for Air Canada have shown that for a problem comprising nearly 3,000 
flights per week and 91 planes of 9 different types, by authorizing time windows of 
more or less 20 minutes in relation to the proposed flight schedule, it was possible to 
reduce the operating costs by 8.9%. 

For large air carriers, these optimization results represent savings of tens of 
millions of dollars per year and easily justify the money invested in research. 

5.5.3. Rail transportation 

We can also find some applications of the column generation method in rail 
transportation. In a general manner, making schedules for train drivers is similar to 
bus and metro drivers. The use of locomotives on freight trains is in several regards 
a problem similar to that of using several crew members on flights. Indeed, it is 
necessary to use up to six or seven locomotives to pull (cover) certain trains, just as 



Operations Management in Transportation Networks      159 

most of the flights require several crew members. However, for the locomotives, the 
coverage demand of the trains is also given in terms of horsepower units. The 
locomotives are assigned to a train and then, as needed, removed and used for other 
trains at certain stations according to whether the number of railway cars increases 
or decreases. The formulation once again corresponds to model [5.2] with vector b
taking integer values while the number of coupling constraints, given by the 
dimension of the vector d, is much greater than for the applications encountered in 
air transportation. The main consequence is that we obtain very fractional solutions 
for the linear relaxation of the model, which demanded major research 
developments in order to obtain acceptable integer solutions [ZIA 99].

As an example of computational results, we can give those of the tests done for 
the Canadian National Railway [ZIA 97]. For a problem solved over a week and 
comprising nearly 2,000 trains and 26 locomotive types, the number of locomotives 
required to cover all the trains has been reduced to about 1,000, a reduction of 9.2% 
in relation to the solution of the schedulers. Once again, this represents savings of 
several hundred million dollars.  

5.6. What does the future look like? 

The solution method by column generation of the mathematical model [5.2] is of 
course not only limited to the applications presented in this text in urban, air and rail 
transportation. We also find some in the domain of maritime transportation for the 
management of chemical stocks [CHR 05]; in the domain of energy management by 
the control (power cuts) of electric water-heaters [LAU 95]; in production for 
flexible manufacturing [GEL 05], etc. In fact, every problem whose solution can be 
represented by a set of paths in a space-time network constitutes a field of potential 
applications for the presented model.  

In large transportation networks, the process of operations management is 
broken down into several parts and the solution of the succession of problems is 
obtained in a sequential manner. In air transportation [DES 98b], for example, we 
first determine the flight schedules, then the type of plane for each flight. Next, we 
must determine the routing of the planes, the crew rotations, and finally the monthly 
planning. Recent applications aim at two-level problems, where we manage two 
components together so as to benefit from their interaction: flight schedules and 
plane itineraries [DES 97b], plane itineraries and crew rotations [COR 01b, 
MER 05], bus itineraries and driver schedules [HAA 01], assignment of engines and 
choice of railway cars in passenger transportation [COR 00, COR 01a], etc. It is also 
necessary to realize that during the operations, there are often disturbances and we 
must then simultaneously consider, in a short period, several components in order to 
repair the schedules [STO 98, STO 01, MER 07]. At Bombardier Flexjet, which 
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offers fractional aircraft services, we even combined within the same model the first 
four stages of the planning process, that is, the flight schedules in given time 
windows, the selection of the type of plane, the plane itineraries, and the crew 
rotations: total savings in 30 months exceeded $50 million [HIC 05].  

The constant augmentation of the size of the problems brings new challenges. 
Thus, several methods of mathematical decomposition are utilized jointly: the 
Dantzig-Wolfe decomposition, Benders’ decomposition and the Lagrangian 
relaxation (see [COR 01b, HUI 05, LUB 05]). It also becomes necessary to 
dynamically manage in model [5.2] the number of constraints as well as the number 
of variables [ELH 05]. Finally, it is necessary to reduce the cpu time dramatically. 
For this last aspect, it is clear that we must make greater and greater use of 
approximations. On the other hand, it is through a better understanding of the 
theoretical mechanisms that we are able to choose those that are relevant [DUM 99, 
BEN 06]. In the course of the past few years, the decomposition method ACCPM
(Analytic Center Cutting Plane Method) compatible with the solution by interior 
points has also been developed [GOF 92]. Although in theory it is much more 
competitive than the Dantzig-Wolfe decomposition presented in this text, 
nevertheless its use in an industrial context entails an acceleration of its diverse 
components. 

Finally, the concern to preserve and even augment the quality of life of the 
personnel is increasingly present. Extreme optimization can have perverse effects 
and it is important that the mechanisms that favor the acceptance of solutions by the 
personnel involved be put forward. We thus speak of the regularity of airline routes 
so as to decrease the stress of flight crews. To monthly planning problems, we add 
desiderata and we explicitly take seniority into consideration [GAM 98]. We can 
even, from one month to another, balance the workloads. The information systems 
now being well implemented in the majority of the organizations, it is much easier 
to maintain and update the necessary information with the implementation of highly 
capable optimization software systems for operations management in transportation 
networks and elsewhere. 
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Chapter 6 

Pickup and Delivery Problems
with Services on Nodes or

Arcs of a Network

6.1. Introduction 

Pickup and delivery are activities that appear frequently in numerous companies 
and communities. They generally concern transporting merchandise from one depot 
to branch offices, delivering orders to clients, maintaining road networks, 
distributing mail, picking up rubbish, etc. These operations are often very costly and 
substantial savings can be made by reducing the length of the trips that must be 
made. 

According to the nature of the service furnished by the vehicles and as a function 
of the geographical distribution of the clients, two main types of modeling emerge. 
The first consists of representing the clients by nodes of a network. The problem 
based on this model is called the node routing problem (NRP). Such a model is well 
adapted when the clients have precise distinct locations. The NRP has been and is 
still the object of many studies. Numerous variants of the NRP exist, going from the 
basic traveling salesman problem to problems with many more constraints, such as 
node routing problems with time windows.  
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Another type of modeling associates the clients with the arcs of a network. We 
then speak of an arc routing problem (ARP). An arc is a direct link between two 
nodes in a network. Less frequently present in the literature than the NRP, the ARP 
appears when the clients are located along the streets, or when the streets themselves 
need a service. Just as for the NRP, there are different variants of the ARP. 

Most of the variants of the NRP and the ARP are NP-hard, that is, there exists 
today no algorithm capable of finding an optimal solution in computing time that 
does not explode when the size of the problem increases. To solve a NRP or an ARP 
of large size, we have to rely on heuristic methods that determine an approximation 
of the optimum of the problem. We present in this chapter a review of the principal 
heuristics that have been developed for the solution of the diverse variants of the 
NRP and the ARP. 

6.2. Node routing problems  

6.2.1. The traveling salesman problem

The traveling salesman problem was probably mentioned for the first time in a 
mathematical circle by A.W. Tucker in 1931. This problem has already been 
introduced in Chapter 3 in the general context of solution methods. Here, we present 
specific heuristics adapted to this problem. Let us remember that the formulation is 
particularly simple, which has captivated many researchers. 

PROBLEM. A salesman, departing from home (or a depot), must visit a set of clients 
and then return home; the order in which he visits the clients should be such that the 
total distance he travels is as small as possible. 

It is not necessary to be a particularly talented researcher to imagine algorithms 
producing good tours for the traveling salesman. However, the problem is NP-hard, 
and the best exact techniques (that is, guaranteeing optimality of the solution 
produced) can only treat instances with a few hundred clients. This explains why 
numerous researchers worked on developing efficient heuristics to solve the 
traveling salesman problem [LAW 85]. Of the most well-known constructive 
heuristics, we will mention only three here. First of all, the Nearest Neighbor 
algorithm is probably the simplest method to implement. It is described in 
Algorithm 6.1. 
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1. Choose a client v and consider a partial tour T=(depot, v, depot).

2. Determine a client w who is not yet in T and who is the nearest to the last client 
v visited in T.

3. Add client w to the end of tour T. If all the clients have been visited, then STOP, 
if not return to 2. 

Algorithm 6.1. Nearest Neighbor algorithm 

Another algorithm, which is just as simple as the preceding one, is the Cheapest 
Insertion algorithm. It is described in Algorithm 6.2. 

1. Choose two clients v and w and consider a partial tour T visiting only these clients, 
that is, T=(depot, v, w, depot).

2. For each client z who is not yet in T, calculate the length L(z) of the smallest detour 
brought about by inserting z between two consecutive clients on T.

3. Choose a client z who is not yet in T and who minimizes L(z), and insert z in T (with 
the smallest detour). If all the clients have been visited, then STOP, if not return to 
2.

Algorithm 6.2. Cheapest Insertion algorithm

Figure 6.1. Illustration of the Nearest Neighbor and the Cheapest Insertion algorithms 
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These two heuristics for the traveling salesman problem generally produce 
solutions of reasonably good quality. They are illustrated in Figure 6.1. We can 
easily construct examples for which these heuristics are arbitrarily bad. More 
precisely, if we note H(I) the length of the tour produced by one of these two 
heuristics for an instance I of the problem, and if OPT(I) is the minimum length of a 
tour for instance I, then the ratio H(I)/OPT(I) has no upper bound. This means that 
for each value r >1 we can construct an instance I for which H(I)/OPT(I) is greater 
than r.

By noting D(x, y) the distance between two clients x and y, we say that the 
distances satisfy the triangular inequality if D(x, y)  D(x, z)+D(z, y) for each triplet 
x, y, z of clients. In 1976, Christofides [CHR 76] proposed a heuristic guaranteeing 
that the length of a produced tour is in the worst case 50% more than the optimum, 
assuming that the distances satisfy the triangular inequality. This heuristic is 
described in Algorithm 6.3. 

Determine a maximum tree of minimum cost A connecting the clients. 

1. Let W be the set of clients who are the extremity of an odd number of arcs in A. This 
set necessarily contains an even number of nodes. Determine a maximum matching 
C of the elements of W of minimum cost. 

2. The union of A and C induces a tour T that can eventually be shortened if we pass 
by the same client twice. 

Algorithm 6.3. Christofides’ algorithm

Determining a maximum tree of minimum cost at step 1, and a maximum 
matching of minimum cost at step 2, can be realized in polynomial time (see 
Chapter 2). This algorithm is illustrated in Figure 6.2. 
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Figure 6.2. Illustration of Christofides’ algorithm: a) set of clients to visit; b) maximum tree 
of minimum cost. The nodes in gray are the extremity of an odd number of arcs; c) maximum 

matching of minimum cost on the gray nodes; d) union of the tree with the matching; e) 
shortened tour that avoids passing by the same client twice 

The algorithms described up to here were all proposed in the 1960s and 1970s. 
More efficient methods were proposed in the 1980s and new algorithms are 
regularly published in the scientific literature. The most efficient current methods 
are based on Local Search techniques (descent algorithm, simulated annealing, tabu 
search – see Chapter 3). 

Numerous adaptations of Local Search techniques have been proposed for the 
solution to the traveling salesman problem. The set of solutions S to explore is 
simply the set of tours visiting all clients, and the function F to minimize is the 
length of these tours. The diverse adaptations proposed differ mainly in the 
definition of the notion of neighborhood N(s) of a solution s. A very common 
technique consists of putting in N(s) all the tours that can be obtained by replacing 
two arcs of s by two arcs that are not in s. Two neighbor solutions are represented in 
Figure 6.3. More refined neighborhoods have been proposed, and we refer the reader 
to [JOH 97] for more details on Local Search techniques to solve the traveling 
salesman problem. It clearly appears from the numerous experiments carried out that 
the Local Search techniques generally give tours whose length is less than 1% more 
than the optimal length of a tour. 
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Figure 6.3. Two neighbor tours: the tour on the right is obtained from the tour on the 
left by replacing two arcs with two new arcs 

6.2.2. Vehicle tours with capacity constraints

If merchandise must be delivered to clients, it is often necessary to make 
deliveries with the help of several vehicles, each vehicle having only a limited 
capacity. Delivery planning then necessitates the solution of two sub-problems: 

– we must determine the set of clients that each vehicle must serve; 

– we must determine the order in which each vehicle serves its clients. 

We will suppose here that all the vehicles have the same load capacity, that each 
vehicle starts and finishes its tour at the depot, and that the deliveries to a client are 
made with the help of a single vehicle (that is, we forbid all solutions where several 
vehicles share delivery to the same client). The goal is to minimize the total 
distance.

To solve this problem, Clarke and Wright [CLA 64] proposed, in 1964, a 
constructive algorithm, which is still frequently used by companies today. To 
understand this algorithm, it is necessary to define the notion of saving.

DEFINITION. Given two clients v and w, the saving s(v, w) is defined as the gain in 
length obtained by delivering v and w in the same tour (depot, v, w, depot) instead 
of using two tours (depot, v, depot) and (depot, w, depot).  

By noting D(x, y) the distance between two nodes x and y of the network, we 
thus have s(v, w)=D(v, depot)+D(depot, w)-D(v, w). This concept is illustrated in 
Figure 6.4.  



Pickup and Delivery Problems      171 

Figure 6.4. Illustration of the saving notion 

Clarke and Wright’s algorithm constructs a first route by inserting step by step, 
at the start or at the end of the tour, clients that bring about the greatest savings. 
When no other client can be added to this first tour without inducing a capacity 
overload, the algorithm constructs a second route, according to the same principle, 
with the remaining clients. This process is repeated until all the clients have been 
served. This algorithm is more precisely described in Algorithm 6.4. 

1. Determine the savings s(v, w) for all pairs of clients, and arrange these values in 
decreasing order. 

2. Choose the first saving s(v, w) from the list so that v and w are not yet served, and so 
that the sum of requests of clients v and w does not exceed the vehicle capacity. 
Create a tour T=(depot, v, w, depot).

3. Choose the first saving s(v, w) of the list so that v is the first or the last client served 
in tour T, w is still not served by a vehicle, and the merchandise to deliver to client 
w can be added to tour T without inducing a vehicle capacity overload. 

4. Add w to the end of T if v was the last client of the tour, and at the beginning of T if 
v was the first client of the tour. 

5. If all the clients are served, STOP. If not, if no client can be added to T without 
causing overload of the vehicle capacity, then store this tour and return to step 2. If 
not return to step 3. 

Algorithm 6.4. Clarke and Wright’s algorithm

This algorithm has now been improved, mainly with the help of more adequate 
definitions of the notion of saving. More details on this type of technique can be 
obtained by consulting [GOL 85]. 

The two-phase methods described below generally give better results than a 
constructive algorithm. These methods are principally of two types.  
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– The cluster first – route second strategy first determines a section of the clients 
into clusters, each having a total demand not exceeding the vehicle capacity. In a 
second phase, a traveling salesman problem is solved on each cluster. 

– The route first – cluster second strategy first solves a traveling salesman 
problem in order to obtain a single giant tour visiting all clients (without taking 
vehicle capacity into account). Then, in a second phase, the tour is partitioned into 
smaller tours satisfying all the vehicle capacity constraints.  

These two strategies are illustrated in Figure 6.5. Examples of using these 
strategies are described in [CHR 85]. 

Figure 6.5. The two strategies of the two-phase methods: a) a set of clients to visit;  
b) partition of the clients into clusters; c) construction of a tour on each cluster;  

d) solution of the traveling salesman problem; e) partition of the tour into  
smaller tours satisfying all the vehicle capacity constraints 

Local Search techniques can also be adapted to the routing problems with 
capacity constraints. In this case, a solution s is defined as being a set of tours 
satisfying all the client requests and respecting capacity constraints. The value F(s)
of a solution is the total distance covered by the set of vehicles, and the 
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neighborhood N(s) of a solution s contains, for example, the set of solutions that can 
be obtained from s by moving the service of a client from one vehicle to another. 
Two neighbor solutions are represented in Figure 6.6.  

Figure 6.6. Two neighbor solution: transfer of a client from one tour to another 

The adaptation of Local Search techniques described above can sometimes pose 
a problem because of limited vehicle capacities. Let us consider for example a 
solution constituted of two tours T1 and T2, the first comprising four clients, each 
having a request for one unit of merchandise, and the second having only two clients 
with requests for two units of merchandise. If vehicle capacities are limited to four 
units of merchandise, it is not possible to move a client from one tour to another 
without causing a capacity overload. Indeed, if a client is transferred from T1 to T2,
the tour T2 will have an overload of one unit, and if a client is transferred from T2 to 
T1, it is an overload of two units that we will have in T1. Even a permutation between 
a client of T1 and a client of T2 does not solve the problem since that would induce 
an overload of one unit in T1. It is thus not possible to regroup the clients differently 
in the tours while the optimal solution can eventually consist of two tours, each 
having a client with a request of 2 units and two clients with a request for one unit. 

To get around this problem, we can decide to accept violations of the capacity 
constraint. In other words, a solution s is a set of tours satisfying all the client 
requests, but not necessarily respecting capacity constraints. When a solution s
violates capacity constraints, we define a penalty P(s) proportional to the capacity 
overloads. The value F(s) of solution s is then obtained by adding the total distance 
covered by vehicles with the penalty P(s). Such an approach has been used with 
success in [GEN 94]. 
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6.3. Arc routing problems

In this section we will describe some algorithms to solve vehicle routing 
problems in which clients are situated on the arcs of a network. If all the arcs in the 
network are oriented, we can easily transform an ARP into a NRP in the following 
manner. We create a complete network G where each node corresponds to an arc 

ba  to be serviced. The distance between two clients ba  and dc  is 
the length of the shortest path connecting the terminal extremity b of ba  to the 
initial extremity c of dc . By solving a NRP in G, we obtain a tour T that can 
then easily be transformed into a solution S of the ARP. The difference in length 
between T and S corresponds to the total length of the arcs to be serviced. This 
transformation is illustrated in Figure 6.7. 

Figure 6.7. Transformation of an oriented ARP into a NRP: a) network in which one must 
solve an ARP. Clients are represented by heavy lines; b) associated graph in which one must 

solve a NRP; c) optimal tour T for the NRP. Its length is 3; d) optimal tour S of the ARP, 
deduced from tour T. Its length is 7=3+4

6.3.1. The Chinese postman problem

The Chinese postman problem was introduced for the first time by the 
mathematician Meigu Guan in 1962 [GUA 62]. Given a graph, it is the problem of 
determining a circuit of minimum total length traversing each arc of the graph at 
least once. The optimal solution to this problem can be obtained in polynomial time 
when the graph is non-oriented (each arc can be traversed in any direction) or totally 
oriented (one direction is prohibited for each arc in the graph). On the other hand, if 
certain arcs in the graph have an orientation imposed while others do not, we then 
speak of a mixed graph and the problem to solve becomes NP-hard. 

If each node of the considered network G has an even number of neighbors, and 
if the arcs are non-oriented, the Chinese postman problem consists of determining a 
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cycle passing exactly once through each arc in the graph. This problem can easily be 
solved with Algorithm 6.5. It is illustrated in Figure 6.8. 

Determine a cycle C in the graph. If C covers all arcs, STOP. 

1. Choose a node v belonging to C and incident to an arc that is not in C. Construct a 
second cycle C' containing v so that C and C' have no arc in common. 

2. Join C and C' to form a cycle C". This merging is done by departing from node v,
covering the arcs of cycle C, then being back in node v by visiting the arcs of cycle 
C' to finally terminate in v.

3. Set C equal to C". If C covers all the arcs, STOP; if not, return to 2. 

Algorithm 6.5. Algorithm for the non-oriented Chinese postman  
problem, where each node has an even number of neighbors 

Figure 6.8. Solution of the Chinese postman problem in a network where all nodes  
have an even number of neighbors: a) network in which we want to construct a tour.  

All the nodes have an even number of neighbors; b) detection of a first cycle  
(a, b, c, d, e, f, g, h, a); c) detection of a second cycle (f, k, h, i, c, j, f) joined with  

the first cycle by node f. We thus obtain a new cycle (a, b, c, d, e, f, k, h, i, c, j, f, g, h, a);  
d) detection of a third cycle (k, i, j, k) joined with the preceding cycle by node k.  

We thus obtain a new cycle (a, b, c, d, e, f, k, i, j, k, h, i, c, j, f, g, h, a) 

If the nodes of the graph have an odd number of neighbors, we can duplicate a 
certain number of arcs so that the augmented graph has only nodes with an even 
number of neighbors. The choice of arcs to duplicate so that the Chinese postman 
tour is of minimum length can be done with the help of the search for a maximum 
matching of minimum cost in a complete auxiliary graph (that is, where all nodes 
are connected two by two). The algorithm is described more precisely in Algorithm 
6.6. 
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1. If all the nodes in the graph G have an even number of neighbors, then determine a 
tour with the help of the preceding algorithm, STOP.

2. Determine the set W of nodes having an odd number of neighbors. This set 
necessarily contains an even number of nodes. Construct a complete auxiliary graph 
G’ where the set of nodes is W and whose cost associated to each arc (v, w) is equal 
to the length of the shortest path between v and w in the original graph. 

3. Determine a maximum matching of minimum cost in G’. For each arc (v, w) of this 
matching, add in the original graph a copy of all the arcs belonging to a shortest 
path from v to w. The nodes in the augmented graph now have an even number of 
neighbors.

4. Determine a tour in the augmented graph with the help of Algorithm 6.5. 

Algorithm 6.6. Algorithm for the non-oriented Chinese postman problem

Steps 2 and 3 of this algorithm are illustrated in Figure 6.9. The search for a 
maximum matching of minimum cost can easily be done with the help of 
polynomial algorithms (see Chapter 2). 

Figure 6.9. Transformation of a network so that all nodes are the extremity of an even 
number of arcs: a) network G in which we want to construct a tour. Nodes c, h, i and j are the 

extremity of an odd number of arcs. The arcs here all have a unitary length; b) auxiliary 
graph G’ in which are indicated all the lengths of the shortest paths between c, h, i and j. The 
optimal matching is constituted by arcs (c, i) and (h, j); c) by adding the shortest path (c, i) 

between c and i, and (h, k, j) between h and j, we obtain a new network in which each node is 
the extremity of an even number of arcs 



Pickup and Delivery Problems      177 

When all the arcs in the considered network G are oriented, we can solve the 
Chinese postman problem by using an approach similar to the one described above. 
More precisely, if every node v of the graph has as many arcs entering in v as arcs 
leaving from v, we can then easily determine an oriented circuit in the graph, passing 
exactly once (in the right direction) through each arc in the graph. If not, we must 
duplicate certain arcs so that each node v has as many arcs entering v as arcs leaving 
v. The choice of arcs to duplicate is made with the help of the solution to a minimum 
cost flow problem (see Chapter 2) in an auxiliary graph. More details on this 
algorithm are given in, for example, [EDM 73]. 

The algorithms presented up to here produce an optimal tour of the Chinese 
postman when no arc or all of them are oriented. In the mixed case, when certain 
arcs in the network are oriented while others are not, the Chinese postman problem 
becomes NP-hard, which means that there exists no algorithm to solve the problem 
in polynomial time. Solutions of reasonably good quality can be obtained, for 
example, by adequately orienting the non-oriented arcs and then duplicating certain 
arcs to obtain a totally oriented augmented graph where each node v has as many 
arcs entering v as arcs leaving v. We are thus returning to the preceding problem that 
we know how to solve. More details on the manner of orienting the arcs, as well as 
the choice of arcs to duplicate, can be obtained by consulting, for example,  
[MIN 79]. 

6.3.2. The rural postman problem

Let A denote the set of arcs of the considered network G. In the Chinese postman 
problem, one seeks a minimum cost tour that traverses all arcs of A at least once. In 
many contexts, however, it is not necessary to traverse all arcs of the network, but to 
service only a subset R A of required arcs (also called clients), traversing if 
necessary some arcs of A\R. When a required arc is traversed on a tour T, we say that 
T covers this arc. A covering tour for R is a tour that covers all arcs of R, which 
means that all arcs of R are traversed at least once. When R is a proper subset of E,
the problem of finding a minimum cost-covering tour for R is known as the rural 
postman problem. It was introduced by Orloff in 1974 [ORL 74].  

If the sub-network of G, composed uniquely of required arcs, is connected (that 
is, one can go from one client to another by using only service arcs), then the rural 
postman problem can be solved in polynomial time in cases where G is non-oriented 
or totally oriented. The ingredients to use are identical to those used for the Chinese 
postman problem. As an example, we give below Algorithm 6.7 for the non-oriented 
case. This algorithm is illustrated in Figure 6.10. 
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1. Let GR be the partial network G composed uniquely of required arcs. Determine the 
set W of nodes having an odd number of neighbors in GR. This set W necessarily 
contains an even number of nodes. Construct a complete auxiliary graph G’ whose
set of nodes is W and whose cost associated with each arc (v, w) is equal to the 
length of the shortest path between v and w in the original graph G.

2. Determine a maximum matching of minimum cost in G’. For each arc (v, w) of the 
optimal matching, add in graph GR a copy of all the arcs belonging to a shortest path 
from v to w. The nodes in the augmented graph now have an even number of 
neighbors.

3. Determine a tour by solving the Chinese postman problem in the augmented graph. 

Algorithm 6.7. Algorithm for the non-oriented rural postman problem where the 
clients form a connected sub-network 

Figure 6.10. Illustration of the algorithm for the non-oriented rural postman problem in the 
case where the clients form a connected sub-network: a) network in which we want to 

construct a tour. All arcs correspond to clients except (k, i), (i, j), and (j, c). All arcs have unit 
length; b) partial network only containing required arcs. The nodes c, h, i, and j are the 

extremity of an odd number of arcs. The best matching among these four nodes consists of 
connecting h to i and j to c; c) augmented graph containing the required arcs and the 

matching. A rural postman tour is thus, for example, (a, b, c, i, k, h, k, f, j, c, d, e, f, g, h, a) 

When the clients do not constitute a connected sub-network of the original graph, 
the problem is NP-hard (that is, no polynomial algorithm is known to solve this 
problem). Frederickson [FRE 79] proposed an algorithm for the non-oriented case. 
This algorithm guarantees that the length of the produced tour is in the worst case 
50% more than the optimum, assuming that the distances satisfy the triangular 
inequality. Frederickson’s algorithm is described in Algorithm 6.8 and illustrated in 
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Figure 6.11. Algorithms for the case where graph G is totally oriented or mixed are 
described in, for example, [BAL 88], [CHR 86] and [HER 00b].

1. Let GR be the partial network G composed uniquely of required arcs. Let C1,
C2,…,Cr be the connected components of network GR.

2. Construct a complete auxiliary graph G' whose set of nodes is {1, 2,…, r} (a node 
for each connected component) and whose cost associated with each arc (i, j) is 
equal to the length of the shortest path connecting a node of Ci to a node of Cj in G.

3. Determine a maximum tree of minimum cost in G'. For each arc (i, j) of the optimal 
tree, add in graph GR a copy of all the arcs belonging to a shortest path connecting a 
node of Ci to a node of Cj in G.

4. Solve the rural postman problem in this connected augmented network with the help 
of Algorithm 6.7. 

Algorithm 6.8. Algorithm for the non-oriented rural postman problem 

Figure 6.11. Fredrickson’s algorithm for the non-oriented rural postman problem: a) 
network G in which it is necessary to serve the clients represented by heavy lines; b) auxiliary 
graph G’ with a maximum tree of minimum cost in heavy lines; c) sub-network containing all 

required arcs represented by heavy lines, as well as the shortest path (i, h, g) of length 2 
between C1 and C3 and the shortest path (e, f) of length 1 between C2 and C3. The nodes a, b, 

e and f are the extremity of an odd number of arcs. The best matching between these four 
nodes consists of connecting a to b and e to f; d) final network to which we added the arcs of 

the matching. The rural postman tour is, for example, (a, b, f, e, c, d, e, f, g, h, i, a) 
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A completely different approach is proposed in [HER 99] to solve the rural 
postman problem. We only describe here the non-oriented case. All the ingredients 
that we will present can, however, be easily adapted to oriented and mixed cases. 
Let us first of all consider a tour T covering a subset R’ of required arcs. The 
procedure described in Algorithm 6.9 tries to reduce the length of T without 
modifying the set of covered arcs. It is illustrated in Figure 6.12. 

Let T be a tour covering a subset R’ of required arcs. Choose a direction for the tour T and 
choose a departure node v on T.

1. Determine a node w on T such that the length of the path linking v to w is as long as 
possible, while the path linking w to v covers all required arcs in R’. Let P denote 
the path going from v to w in T.

2. Let Q be the path connecting w to v in T, obtained by eliminating P from T. If there 
exists on Q a non-serviced arc (z, w) entering w, then the first arcs of Q to this arc (z, 
w) induce a circuit (w,…, z, w); in such a case, inverse the orientation of all arcs in 
this circuit and return to 2. If not, go to 4. 

3. If the length of the shortest path from v to w in the original graph G is less than the 
length of P, then replace P by this shortest path. 

4. Repeat steps 2 to 4 by considering the two possible orientations of T and each 
possible departure node v on T until no further improvement can be obtained.  

Algorithm 6.9. Shorten procedure that allows the shortening of a tour 
 without modifying the set of serviced clients  
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Figure 6.12. Illustration of the Shorten procedure: a) network with a set of four clients to 
serve in heavy lines. All arcs have unit length; b) an oriented tour T covering all required 
arcs. By choosing v=c as departure node and by applying step 2 of Shorten procedure, we 

can reach w=e with P=(c, d, e). The path from e to c obtained by removing P from T is Q=(e, 
f, b, a, e, g, e, d, c). The arc (a, e) of Q is a non-serviced arc entering w=e; c) new tour 

obtained by inversing the orientation of the circuit (e, f, b, a, e) on Q. We can now reach w=a 
from v=c with P=(c, d, e, a); d) shorter covering tour obtained by replacing the path P=(c, d, 

e, a) of length 3 with the arc (c, a) of length 1 

The second procedure described in Algorithm 6.10 allows us to add a client to an 
existing tour. This algorithm is illustrated in Figure 6.13.  

Let T be a tour covering a subset R’ of clients. Let (v, w) R’ be a client to add in T.

1. If neither v nor w appears in T, then determine the node z in T for which the sum of 
the distances to v and w is minimum, and add to T a cycle constituted of the shortest 
path from z to v, the required arc (v, w), and the shortest path from w to z.

If not, if exactly one node among v and w appears in T (let us say v), or if the two 
nodes v and w appear in T but not consecutively, add to T the cycle (v, w, v).

2. Add (v, w) to R’ and try to diminish the length of the tour T with the help of the 
procedure Shorten described in Algorithm 6.9 (by imposing a service on all arcs in 
the new set R’).  

Algorithm 6.10. Add procedure that allows us to add a client to a tour 
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Figure 6.13. Illustration of the first step of the Add procedure: a) network with a set of clients 
to serve in heavy lines. All arcs have unit length; b) a tour T= (a, b, f, e, g, e, a) that covers 

the subset R’={(a, b), (e, f), (e, g)} of clients; c) addition of client (c, d). Neither c nor d 
appears in T. The node z in T for which the sum of the distances to c and d is minimum is 

node e. The new tour is (a, b, f, e, g, e, d, c, d, e, a); d) addition of client (d, e), with node e on 
T. The new tour is (a, b, f, e, g, e, d, e, a); e) addition of client (b, e) with nodes b and e on T. 

The new tour is (a, b, e, b, f, e, g, e, a) 

The third procedure is the inverse of the preceding one, and consists of removing 
the service from a client on an existing tour. This procedure is described in 
Algorithm 6.11 and is illustrated in Figure 6.14.  

Let T be a tour covering a subset R’ of clients. Let (v, w) R’ be a client to remove. 

Remove (v, w) from R’ and try to diminish the length of tour T with the help of the 
procedure Shorten described in Algorithm 6.9 (by imposing a service only on the arcs in 
the new set R’ ).

Algorithm 6.11. Drop algorithm that allows us to remove a service on an arc of a tour 
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Figure 6.14. Illustration of the Drop procedure: a) network with a set of clients to serve in 
heavy lines. All arcs have unit length; b) a tour T= (a, b, f, e, g, d, c) that covers the subset 

R’={(a, b), (c, d), (e, f), (e, g)} of clients; c) by removing (c, d) from R’ and applying the 
procedure Shorten with v=g, one can reach w=a and replace the path P=(g, d, c, a) of length 

3 with the path (g, e, a) of length 2

A solution to the rural postman problem (not necessarily optimal) can easily be 
obtained on the basis of the procedures described above. We can, for example, use 
the constructive Algorithm 6.12 proposed in [HER 99]. 

1. Choose a required arc (v, w) in R, and set T=(v, w, v) and R'={(v, w)}.

2. If R'=R, then STOP. If not, choose a client (v, w) belonging to R but not to R', add 
the service of this client (v, w) with the help of the procedure Add, add (v, w) to the 
set R' of clients already serviced, and repeat step 2. 

Algorithm 6.12. Algorithm for the non-oriented rural postman problem 

6.3.3. Arc routing problems with capacity constraints

We again place ourselves in the context where the deliveries to make necessitate 
the use of several vehicles, each vehicle having only a limited capacity (see section 
6.2.2). We then speak about an arc routing problem with capacity constraints. Most 
of the algorithms that have been developed to solve the ARP with capacity 
constraints have initially been described for the non-oriented Chinese postman (see 
section 6.3.1). In other words, these algorithms are applied to non-oriented graphs 
where each arc corresponds to a client. These algorithms can, however, be easily 
adapted to other ARPs, for example to the oriented case where certain arcs in the 
network require no service.  
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Among the constructive methods proposed for the solution of the Chinese 
postman problem with capacity constraints, we only describe the Augment-Merge
algorithm proposed in 1981 by Golden and Wong [GOL 81]. This algorithm is 
inspired by the one developed by Clarke and Wright [CLA 64] for the NRP (see 
section 6.2.2). Starting with a set of tours, each one servicing only one client, the 
number of vehicles used is progressively reduced in two different ways. First of all, 
the service on certain arcs is transferred from one tour to another. Then, new tours 
are obtained by merging existing tours.  

Let us consider two tours T1 and T2 so that the sum of the requests of their clients 
does not exceed the capacity of a vehicle. Let us note by v1 and v2 the first 
extremities of arcs to service encountered on T1 and T2, respectively. Similarly, let 
w1 and w2 be the last extremities of arcs to service encountered on T1 and T2,
respectively. Merging T1 with T2 can be done in four different ways. We can, for 
example, traverse T1 up to node w1, then go to v2 by the shortest path, and finally 
traverse T2 from v2 to the depot. A second possibility consists of, for example, 
traversing T1 up to w1, then going to w2 with the help of the shortest path, and finally 
traversing T2 in an inverse direction from w2 to the depot. The two other possibilities 
are obtained by permuting the roles of v1 and w1 or of v2 and w2. The merging of two 
tours is illustrated in Figure 6.15, and the Augment-Merge algorithm is described in 
Algorithm 6.13. 

Figure 6.15. Illustration of the merging of two tours: a) two tours that we  
want to merge; b) the four possible merging 



Pickup and Delivery Problems      185 

For each required arc (v, w), construct a tour Tv,w made of a shortest path of non-serviced 
arcs between the depot and v, the serviced arc (v, w), and a shortest path of non-serviced 
arcs between w and the depot. 
1. Starting with the longest tour Tv,w and as long as vehicle capacity permits, change 

the status of traversed arcs from non-serviced to serviced, if these arcs are covered 
by shorter vehicle routes. Remove the shorter vehicle routes whose unique serviced 
arc is now covered by a longer route.  

2. Subject to capacity constraints, evaluate all possible mergers of two tours. If the 
largest saving obtained by one of these mergers is positive, do the merger which 
yields the largest positive saving, and repeat step 3, if not STOP. 

Algorithm 6.13. Augment-Merge algorithm 

Other constructive algorithms have been proposed for the solution of the ARP 
with capacity constraints. A complete review of these algorithms is given in [HER 
00b] and [MIT 00]. 

Currently, the most efficient algorithms for the solution of ARPs with capacity 
constraints are adaptations of Local Search techniques (see Chapter 3). Similar to 
what has been proposed for the NRP (see section 6.2.2), a solution s is defined as a 
set of tours satisfying all the client requests, but not necessarily respecting the 
capacity constraints. If a solution s violates the capacity constraints, a penalty P(s)
proportional to the excess demand with respect to vehicle capacity is calculated. The 
value F(s) of a solution s is then obtained by adding the total distance covered by the 
vehicles with the penalty P(s). The set N(s) of neighbor solutions to s contains all the 
solutions that can be obtained by transferring the service of a required arc from one 
tour to another. To make such a transfer, it suffices to eliminate a service in a tour 
and add it in another. The elimination and addition of a service are done with the 
help of the procedures Add and Drop described in section 6.3.2. Such an approach 
has been used with success in [HER 00a]. 

6.4. Conclusion

To transport raw materials, people or information, to assure services at the 
clients, do maintenance work on the road networks or on the electricity lines, etc, all 
these activities are the daily work of numerous companies. They cannot be 
competitive without good management of the resources allotted to these types of 
problems. Operations research has the techniques to treat certain aspects of these 
problems. The objective of this chapter was to describe the principal heuristic 
methods used to solve vehicle routing problems where the clients are located either 
on the nodes (problem NRP) or on the arcs (problem ARP) of a network. Any reader 
who is interested in knowing more about the models and solution techniques of 
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vehicle routing problems is invited to consult the reference works [LAW 85] and 
[TOT 02] for the NRP and [DRO 00] for the ARP. 

The variants of the NRP and the ARP that we have analyzed in this chapter are 
basic vehicle routing problems. When we must treat real routing problems, 
additional constraints must be taken into account (limit on length or duration of 
tours, different categories of routes, multiple depots, etc), and the algorithms that we 
have described must then be adapted or extended since they can not be directly 
applied to such problems. The algorithms described in this chapter must be 
considered as skeletons of more specialized algorithms to be designed for each 
particular real life problem.
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Chapter 7 

Telecommunication Networks

7.1. Introduction 

Telecommunication services take on more and more importance in our society 
driven by information technology (IT). Numerous actors are entering this sector and 
mastery of costs and service quality are crucial. To satisfy client needs, an operator 
must offer telecommunication services of excellent quality at the right price. The 
main element of the quality of services in a network is its availability. Through the 
transport and treatment of information that they bring to our disposal, networks have 
become a must in people’s lives and in company economics. Damages caused by 
disruption in telephony or data services can be very important, and can have 
disastrous consequences for the brand image of an operator. In this context, the 
construction of safe and reliable networks under all circumstances is an 
indispensable criterion for the credibility of operators offers. In this chapter we will 
show how to build high-quality networks in the case of both fixed and wireless 
networks. 

To ensure the availability in large telecommunications networks, one must 
maintain service continuity even in case of an element breakdown. The main causes 
of breakdowns are cable cuts due to civil engineering work, misfunctioning of 
optical transmission components or multiplexing equipment failure. Even if the 
probability of these events remains low, their consequences are not acceptable. 
Interruption of the access to telecommunication services can be very damaging for 
some private or public entities (banks, hospitals, etc). Their tolerance for a cutoff is 
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no longer than one second for the telephone service, and only a fraction of second 
(some tens of milliseconds) for data transfer. Modeling and optimizing the 
dimensioning and the routing in fixed networks in case of breakdown will be the 
subject of the first part of this chapter. 

In mobile communications systems, availability essentially consists of getting rid 
of spatial constraints to communication. The flow of people, goods and services is 
accompanied by an increased need for nomad communications. However, wireless 
has for a long time carried a negative image due to covering defaults or bad quality 
transmission. Since the emergence of cellular numeric systems, customers (whether 
professional or individual) are increasingly reluctant to accept not having a fully 
available network no matter where they are located. Management of coverage and 
overload of the spectrum then become key elements in the success of wireless 
mobile operators. Modeling and optimization problems to obtain quality wireless 
communication will be the object of the second part of this chapter, which is 
dedicated to the conception of cellular networks. 

7.2. Optimal synthesis of backbone networks  

To maintain the continuity of services even when equipment fails, the operator 
must build reliable networks. Moreover, to stay competitive it must build them at the 
lowest cost. To do that, operators must put in place in their networks search 
procedures for alternative routes in order to reroute traffic demands in every 
potential failure. For economic reasons and also because of the low probability of 
breakdowns, the operator will build and dimension networks to protect them only 
against a single breakdown: for example a cable cut, a transmission system or 
multiplexing equipment failure. In effect, the increase of the cost of the network to 
protect it against multiple breakdowns would not be justified compared to the risks 
involved. It already reaches 30% to 50% of the cost of the network when protection 
is against a single breakdown. Some operators, wanting to make aggressive 
commercial offers, neglect to secure their network and it is the client who must then 
protect himself against potential service unavailability through multiple connections 
to different operators. Usually that is a double connection. 

Optimal network synthesis consists of determining the topology, the 
dimensioning of the capacities for links and nodes, and defining the routings and 
reroutings of demands. It has become an important application in the field of 
operations research. Its strategic stake has generated a large number of academic and 
practical works on the subject. Numerous references are available in international 
journals of optimization and operations research. For the classical optimal synthesis 
problem of a backbone network, we will show how different optimization 
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techniques, such as greedy heuristics, metaheuristics, linear programming and the 
decomposition method, can be advantageously used.  

Backbone networks are at the core hierarchical level of a telecommunication 
network. They carry all telecommunication services for operators, and also for large 
companies or governmental institutions. They are partially meshed and they connect 
among them traffic sources and traffic destinations. Company backbone networks 
are small or medium size: typically around ten nodes. Those built by operators are 
often much larger: hundreds up to a few thousand nodes. Figure 7.1a gives the 
example of a network with 13 vertices and 16 links. Point-to-point traffic demands 
between vertex pairs are deterministic. We do not take into account the probabilistic 
nature of the traffic with all its consequences on the quality of services: blocking 
probability in case of circuit mode networks or transfer delay in case of packet mode 
networks. A traffic demand flows on a path connecting its origin and destination. 
Such a path is called a routing. Figure 7.1a shows two routings between vertex pairs 
(A, B) and (D, C). If a network element (a vertex or a link) breaks down, the traffic 
demands whose routing used this failed element are interrupted. To maintain 
reliability and service, it is then necessary to use alternate paths called reroutings for 
these demands. Figure 7.1b shows two examples of rerouting for the failure of link 
(I, J): a rerouting path for the demand (A, B) and two for the demand (D, C). 
Rerouting of demands for different breakdown situations necessitates additional 
capacities, also called spare capacities, on links and vertices. Capacity needs to route 
traffic demands in the nominal network (without breakdown) are called nominal 
capacities. 

The best way to plan an optimum backbone network would be to be able to 
simultaneously optimize the topology and dimension the nominal and spare 
capacities. In that case, routing of traffic demands and rerouting in case of 
breakdown would be deduced from these dimensions. In fact this problem is 
extremely difficult to solve and few works consider this global approach. In 
[POP 96], the authors consider the problem for small size networks (6 and 9 
vertices). Some studies [IRA 98, MUR 98, LUT 98] simultaneously dimension the 
nominal network and the spare capacities, but suppose the network topology to be 
known. We note that certain studies [GRÖ 95] only take into account topology and 
connectivity aspects while neglecting the traffic aspect. 
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Figure 7.1a and b. Example of a backbone network  

To obtain operational results on networks of significant size (several dozen 
vertices), optimization is addressed in two steps. The first step determines the 
topology, the dimensioning and the routing of the demands that optimize the cost of 
the nominal network. The nominal network is then known and definitively fixed; the 
second step defines the optimal dimensioning of the spare capacities necessary to 
reroute all the traffic demands disturbed in the case of single breakdown of a 
network element. This approach presents some disadvantages. The optimization of 
the nominal network in the first step often leads to few meshed networks because of 
a strong concavity of the cost function of network equipment as optical transmission 
systems.1 Without multiple connectivity constraints on their topology, optimal 
networks obtained by this first step would very often be trees or quasi-trees. The 
second step, on the other hand, needs a strong diversity of paths in the graph in order 
to minimize the additional quantity of resources to be installed. The graph of the 
network must also be 2-connected without an articulation point to guarantee the 
existence of at least one alternate path for each demand disturbed by a single 
breakdown of a link or vertex. The opposition appears obviously between these two 
optimization processes and mostly explains the difficulty of the global approach. 
This conflict of interest between the two steps can lead to suboptimal solutions. It is 
what motivates and makes research work necessary to develop efficient solution 
methods for the global problem in only one step.  

To solve the first step, we present two approaches. In section 7.3.1, we describe a 
“demeshing” greedy heuristic proposed in [MIN 76] that judiciously exploits the 
theoretical properties of the problem if the cost function of links are concave (sub-
modular to be exact). In section 7.3.2, we will show that a metaheuristic like 

1 We can roughly assume that the cost of a link only doubles when its capacity quadruples. 
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simulated annealing can also exploit this property. Moreover, we will see that the 
flexibility of a metaheuristic lets us take into account numerous additional 
constraints encountered in practical problems. Other methods are of interest to us, 
but that would make us exceed the scope of this chapter. We can, for example, note 
a primal-dual solution method proposed in [BAL 89a], as well as Lagrangian 
relaxation techniques in [BAL 89b]. We can refer to [MIN 89] for a more complete 
panorama of the different possible approaches. 

For the second step, optimal dimensioning of spare capacities is generally 
addressed by linear programming. In section 7.4.1, we introduce non-simultaneous 
multiflow models. We will show how generalized linear programming methods with 
path generation can be used to solve them. However, linear programs engendered by 
these models are soon too big to be solved directly when the network exceeds about 
30 vertices. In section 7.4.2, we explain the Benders’ decomposition technique 
[BEN 62] that lets us manage network instance size up to 100 vertices or more 
without difficulty. In section 7.4.3, an extension of this decomposition technique 
will be introduced for the case of modular spare capacities. In practice, the treatment 
of modular capacities is primordial. In effect the network equipment never has 
continuously defined capacity values. Capacities of optical transmission systems can 
be 1x155Mbit/s, 4x155Mbit/s, 16x155Mbit/s or 64x155Mbit/s and more. In 
addition, we can of course multiply the number of systems on each network link. 
Often the staircase function for the cost of this equipment also has a concave trend 
(their average unitary cost decreases) as illustrated in Figure 7.2. 

Equipment cost 

Equipment capacity

 Figure 7.2. Illustration of a rising modular cost function of equipment  

7.3. Topology and dimensioning of the nominal network  

The solution to this problem has been the object of substantial literature. For 
general cost functions, it is particularly difficult. Solving it exactly raises interesting 
theoretical questions, but it remains limited to small networks: at most a dozen links. 
The exact approaches [MAG 95, GAB 99, SRI 00] generally use branch and bound 
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or branch and cut methods. To manage operational instances comprising more than 
50 vertices and several hundred or even thousand potential links, we must use 
heuristics. For the case of general cost functions, the conception and development of 
an efficient and rapid heuristic is difficult. In fact, even in knowing the topology and 
dimensioning of a network, the computation of good routings for all traffic demands 
requires solving a large size linear program [AHU 93]. It is then difficult to repeat 
this calculation in an iterative heuristic for a large number of configurations of 
different topology and dimensioning without seeing the calculation time explode. 

Some specific instances of this problem are less difficult and it is possible to 
develop efficient methods to solve them. These are instances without capacity limit 
for which the cost functions on the links are concave. In [YAG 71, ZAD 73] some of 
the first developed methods are proposed. In fact, these instances have a particularly 
interesting property. For a given topology, the network of minimum cost is such that 
traffic demands are mono-routed on the shortest paths in the sense of the marginal 
costs of the links. In the case of cost functions including a fixed fee plus a linear cost 
depending on the volume, this marginal cost is the linear variable cost. This very 
strong property constitutes the foundation of numerous heuristics: for example the 
greedy demeshing algorithm (a descent algorithm) and the simulated annealing (a 
metaheuristic) that we will now present.  

7.3.1. Descent algorithm

The problem considered consists of determining the topology of a network and 
the dimension of its links while minimizing its cost when the cost of a link (i, j)
between two vertices i and j is decomposed in a fixed installation cost Fi,j and a 
usage cost ci,j linear with the volume of traffic passing on the link as illustrated in 
Figure 7.3. The underlying graph to construct the network will be noted G = (X ; E), 
where X is the set of vertices and E the set of possible links (i, j). We will call D the 
set of point-to-point traffic demands that must flow through the network. 

Link cost fij

Capacity xij on a link 

fij = Fij +cij xij
Fi,j  

Figure 7.3. Cost function on a link 
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From a complete or partial supporting graph (some links can be forbidden a
priori), the greedy demeshing heuristic successively suppresses links while the value 
of the objective function decreases. At each iteration, the objective function of the 
current configuration is compared to all different configurations in which a link is 
deleted. This comparison is made by a computation of the set of shortest paths that 
define the routings of demands. Routing the set of demands on these shortest paths 
is sufficient to obtain the dimensioning of the links and consequently the cost of the 
network. 

By using the notations previously introduced, the cost function fi,j for each link 
(i, j) E is defined in the following manner: 
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where xi,j is the volume of traffic flowing on the link (i,j). If f(x) is the value of the 
objective function associated with a flow vector x on the set of possible links of E,
then: 
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If k,l becomes positive or zero for all the links (k, l) of Et, the demeshing 
algorithm stops. For the first step (t=0), all links are possible (E0 = E). The 
initialization of flows x0 consists of routing traffic demands on the shortest paths 
calculated in the sense of unit costs ci,j.

Algorithm 7.1. Demeshing algorithm 

In the worst case this demeshing algorithm has a complexity in the order of 
O(n5), n being the number of vertices in the network. For each potential link (k, l) 
(~n2 links exist in the complete graph), it is necessary to calculate the shortest path 
between the vertices k and l. In practice, the implementation of the algorithm is a 
little bit more complex than this short description. In effect it is necessary to take 
into account possible cycles appearing in the network after the reroutings of the 
traffic demands that follow a link deletion. It is also possible to improve the speed of 
the algorithm by avoiding the recalculation of all the shortest paths between all link 
deletion attempts.  

This demeshing heuristic gives excellent results: the solutions obtained are very 
close to the optimum. When the size of the network increases, it can however 
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become relatively slow because many links must be suppressed. In addition, like for 
all greedy algorithms, it cannot backtrack after a bad choice. While running, the 
algorithm can wrongly decide to take off a link. That is why it can be judicious to 
iterate between trials of adding and subtracting links at the end of the procedure to 
improve this descent heuristic and avoid being caught in suboptimal local minima. 

7.3.2. Simulated annealing

Each iteration of a descent heuristic like the one previously described takes for a 
new current configuration, that of the lowest cost in its neighborhood. This 
procedure leads to a local minimum, that is a configuration whose cost is less than 
all of its neighboring configurations. To avoid being caught in a local minimum too 
far from the optimum, some methods called metaheuristics exist. Simulated 
annealing, tabu search, the GRASP and genetic algorithms are the most well-known 
metaheuristics. Each of these methods uses specific mechanisms to escape from 
local minima. We will stay for a moment with one of these methods: the simulated 
annealing [KIR 83] (we refer the reader to Chapter 3 for a more precise description 
of this method). With simulated annealing we escape from local minima by allowing 
transitions to higher cost configurations. This intermediate degradation of the 
objective function is controlled by a control parameter called temperature. 

Like descent heuristics, metaheuristics use transformation operators of the 
current configuration; in fact they often use the same ones. These operators 
determine the neighborhood of the current configuration: the set of configurations 
accessible by all possible applications of the operator. In a metaheuristic it is 
sometimes useful or even imperative to put several operators into action. For the 
optimal synthesis of a backbone network the above-described greedy search uses the 
suppression of a link as operator (the deletion operator). For simulated annealing we 
will again use this operator and we will also use the addition of a link as second 
operator. We can also use the link exchange operator that is none other than the 
concatenation of the two previous operators: the link addition and the link deletion. 

 Even if it is theoretically possible to reach the optimal solution of a problem, the 
simulated annealing algorithm in practice converges toward a suboptimal 
configuration. In order to guarantee a convergence toward the absolute minimum 
would need an exponential number of iterations [HAJ 88], which is of course not 
conceivable. We use the classical annealing scheme that foresees a geometric 
decrease of the temperature. The simulation proceeds in temperature steps for which 
a certain number of transformation trials is carried out. The simulation is stopped 
when hopes of improvement become too weak; for example, if the rate of 
acceptance for higher cost configurations becomes too small (in the order of 
1/1,000).  
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To obtain good results the number of temperature steps necessary in an 
annealing scheme is between 20 and 50 with a geometric decrease of the 
temperature by a multiplicative coefficient of about 0.9 between each step. How to 
choose the initial temperature was the object of numerous discussions. Some prefer 
a very high initial temperature in order to accept almost all the transformation trials 
at the beginning of the search. From a theoretical point of view that is correct. 
However, as the objective is to obtain the best possible solution in a limited CPU 
time, it is useless to begin with too high an initial temperature. The iterations done at 
high temperatures are in fact spoiled and would be much more useful at a lower 
temperature at the end of the simulated annealing process. As a general rule, an 
initial temperature so that 30% to 50% of the transformation trials are accepted is 
largely sufficient to avoid the annealing getting caught around the initial 
configuration and not being able to explore the set of pertinent configurations. If the 
tuning of parameters, number of steps and initial temperature pose no difficulty, the 
number of iterations by temperature step is more delicate to define. It essentially 
depends on the CPU time that we want to allow for the optimization process or on 
the quality of the solution that we wish to obtain. Indeed, the greater the number of 
iterations, the greater the hope of obtaining the best solution. However we must pay 
careful attention to the fact that this is only true on average: for a given simulation 
we can obtain a best solution with fewer iterations and vice versa. Let us note that 
the sharing of iterations among the set of temperature steps also affects the quality of 
the solution. An equitable dispatching between all steps gives satisfactory results. It 
is however better to increase the number of iterations when the temperature 
decreases. Thus for the same total number of iterations, a progression from 5% to 
10% of the number of iterations between steps improves (on average) the results 
obtained with a uniform dispatching. 

A simulated annealing algorithm performs a great number of transformations of 
the current configuration. We must consequently calculate very many times the cost 
difference between the trial configuration and the current one. In the case of optimal 
network synthesis, the transformation operators used are the suppression and the 
addition of a link. The choice of the link to suppress (or to add) is made by chance 
among the links present (or absent) in the current configuration. The deletion 
operator must also watch to maintain network connectivity. Determining the cost 
difference brought about by the addition (respectively the deletion) of a link can be 
roughly calculated as the difference between the cost of the trial solution and the one 
of the current configuration. The complexity of this computation is essentially 
defined by the computation of the shortest paths that give the routing of the demands 
in the network. It results in a complexity in O(n4). To determine this cost difference, 
it is in fact more efficient to compute these shortest paths incrementally. The 
calculation of the set of shortest paths is realized once for the initial configuration. 
Then we only recalculate changes in the shortest paths brought about by the addition 
or the suppression of a link. Thus, we can define the set of demands which change 
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their routing, and consequently we recalculate the difference of cost only for the 
links concerned by these changes. For weakly meshed networks, the number of 
shortest paths modified by the addition or the suppression of a link remains low, 
especially for large networks (>> 50 vertices). For a network with 100 links, the 
number of links that see a change in their passed traffic is at most one or two dozen 
and the number of modified shortest paths remains extremely low. The 
determination of the cost difference by an incremental calculation of the shortest 
paths is thus extremely rapid. This implies that we have the possibility of doing a 
large number of iterations with the simulated annealing in a reasonable computation 
time. 

The main advantage that explains the success of metaheuristics like simulated 
annealing is their flexibility to handle practical problems. In relation to other 
optimization techniques, such as linear programming, Lagrangian relaxation, etc, it 
is in effect easy to modify the objective function and the constraints of the problem. 
We can even envisage adding new ones. For optimal network synthesis, that means 
numerous possibilities for extensions. We can for example guarantee the diameter or 
the degree of the network connectivity. For that it suffices to forbid transformations 
(addition or suppression of a link) that would lead to configurations that do not 
verify the diameter or connectivity required. Using an identical mechanism we can 
force or forbid the presence of some links in the solution. It is also possible to use 
this flexibility to take into account more complex cost functions, for instance 
staircase functions. For that we only have to consider two cost systems while 
running the algorithm: on one hand, the real link cost function that is used to 
calculate the cost difference between the trial and current configurations in the 
annealing decision process and, on the other hand, a set of linearized costs with 
which the shortest routing paths are determined. These linearized costs are naturally 
deducted from the real costs and readjusted periodically. This approach is of course 
heuristic. Strictly speaking, the property of mono-routing on the shortest paths in the 
sense of the marginal costs no longer holds for step cost functions. However, from 
an operational point of view, maintaining the suboptimalility property of routings 
(any sub-routing of an optimal routing is also an optimal routing) can be useful. Let 
us remember that this suboptimality is guaranteed if the routings use shortest paths. 
In effect, the routing command protocol running on vertex equipment does not 
necessarily know how to achieve routings that would not respect suboptimality. It is 
notably the case when they use routing tables that only depend on the destination 
and not on the origin of the traffic demands; IP routers are a perfect example of this. 

 In the same way, we may also consider vertices as costly elements. Of course 
the more constraints and supplementary options we add, the farther we are from the 
rigorous academic framework that overextends the initial algorithm. Consequently 
we take risks to obtain a less efficient heuristic. For example, for link costs with a 
strong economy of scale and where we force the 2-connectivity of the network 
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topology (by forbidding deletion of links which would lead to non-2-connected 
networks), we have a good chance of obtaining an “optimal” network with unused 
links which only serve to guarantee the 2-connectivity. The optimal network 
configurations obtained in these situations are no longer necessarily pertinent. As 
they are unused, the algorithm has added to a tree-like configuration a set of least 
cost links leading to the satisfaction of the connectivity constraints. Unfortunately, 
these links artificially added by the algorithm could be totally inadequate! 

7.4. Dimensioning of spare capacities  

After optimizing the nominal network, we will now attempt to dimension the 
reserve network. This problem is frequently considered in the literature when the 
topology and the dimensioning of the nominal network are known. Numerous 
variants of this problem are possible depending on the strategies and options of 
rerouting used in case of breakdown. The rerouting of traffic demands can be local 
between the origin and destination vertices of the link that fails or from end-to-end 
between the origin and destination vertices of the interrupted demands. Other 
options can intervene: maximum length of reroutings, the possibility (or not) of 
reusing the capacities liberated by traffic demands interrupted by the failure, etc.  

We can also consider cost functions for the links that are continuous or of the 
staircase type. In [GRO 91, SAK 90], the authors solve the problem of dimensioning 
spare capacities for a local rerouting strategy and continuous capacity variables. 
[HER 94, LUT 00, POP 98] handle the problem in continuous variables for local and 
end-to-end rerouting. In [GOE 93] and [LEE 95], the local rerouting problem is 
addressed with modular capacities. A model with integer variables and with the 
rerouting of all the demands in case of breakdown is presented in [STO 94]. 
Heuristics are also presented in [GRO 91] to solve the problem in integer variables.

7.4.1. Non-simultaneous multiflow model and linear programming 

Usually we model the spare capacities dimensioning problem as a non-
simultaneous multiflow in a graph, which can be precisely solved with linear 
programming. These linear programs consider two classes of constraints. The first 
expresses capacity constraints on network resources. To pass traffic demands, we 
cannot use more resources on the links (resp. vertices) than the resource capacities 
available on these links (resp. vertices). The second handles the necessity of passing 
all or part of the interrupted demands. 
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There are two possible formulations to describe a multiflow model. They differ 
in the definition of decision variables and in the notation of traffic constraints that 
follow. In the first formulation, called edge-vertex, the variables of the model are the 
quantities of traffic flowing on a link for a given demand. The flow for the demand 
is thus represented by Kirchoff’s constraints of flow conservation. For a vertex and a 
demand, the sum of entering traffic quantities is equal to the sum of departing traffic 
quantities. It is of course necessary to take into account the sources and sinks of the 
traffics. For a link, the capacity constraint is expressed according to the sum of all 
flows passing through this link. 

The other formulation, called edge-path, uses variables that represent the flow of 
traffic passed on a path used to route the whole or part of a traffic demand. The flow 
constraints indicate that the sum of traffic flow passed on the set of all possible paths 
for a given traffic demand must be equal to the whole or part of this demand. The 
second formulation has the advantage of comprising far fewer flow constraints. 
There is one constraint per traffic demand, while in edge-vertex formalism the 
number of Kirchoff’s constraints is equal to the product of the number of vertices 
multiplied by the number of traffic demands. The number of flow variables in edge-
vertex formalism is equal to the product of the number of traffic demands multiplied 
by the number of links, whereas it is much larger in the edge-path formalism. The 
number of possible paths to pass a traffic demand can be very large and, as a general 
rule, we cannot formulate all paths in a linear multiflow program. Generalized linear 
programming allows us to bypass this disadvantage. To solve the multiflow linear 
program (LP), at first we only consider at a subset of possible paths, then, as we go 
along, we insert new paths that prove to be useful. 

Notwithstanding that edge-path models do not give a fully defined description of 
the multiflow, they are much easier to solve. Moreover, they are much better 
adapted to consider additional constraints on the nature and propriety of routing 
paths: maximum length in number of sections, forbidden path, etc. 

We will now use a multiflow edge-path model to optimize the dimensioning of 
spare capacities in a backbone network. We will only consider single link 
breakdowns, and the rerouting strategy of interrupted demands will be end-to-end 
between the origin and destination of the interrupted demand. Let us point out that 
the nominal capacities released by interrupted demands in the breakdown cannot be 
used for the reroutings. We will first formulate the model with continuous capacity 
variables.  

First of all, let us introduce the notations that will be useful for us:  
 let G0 = (X0 ; E0) be the graph of the nominal network and L the set of possible 

breakdowns. We will note by Gl = (X0 ; El) the graph of the network after the 
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breakdown l. For simplification reasons, here we will only consider single link 
breakdowns. With these conditions we have El=E0\{l};

0E
R  defines the vector of spare capacities on links installed in the 

network and 
0E

p  is the vector of unit costs for these capacities; 

 Dl is the set of traffic demands perturbed by the breakdown l (Tk is the volume 
of the demand k) and Hl(k) gives the set of possible rerouting paths for the traffic 
demand k in graph Gl;

 for a demand k and for the breakdown l, the variable l
jkx ,  gives the value of 

traffic passed on the rerouting path j.

The dimensioning of spare capacities is in fact modeled like a non-simultaneous 
multiflow. Each multiflow corresponds to the reroutings of demands disrupted by 
each breakdown l. The mathematical model of the problem is expressed in the form 
of the following linear program LP:
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For each breakdown l, constraints (I) force the flow of the disrupted demands 
k Dl on the set of possible rerouting paths. Constraints (II) represent capacity 
constraints available on links for reroutings. For each breakdown l and for each link 
e El, the sum of all the traffic flows passed on rerouting paths that use link e must 
be less than or equal to the value of the spare capacity installed on link e. We will 
note by l,k and l,e the dual variables that correspond respectively to the flow 
constraints (I) and to the capacity constraints (II). Let us note that the multiflows for 
different breakdowns are only coupled by the spare capacity variables Re. Of course, 
the objective function expresses the total cost of spare capacities that must be 
installed. 

It is possible to solve LP directly using generalized linear programming. As all 
possible rerouting paths j Hl(k) for a demand k Dl cannot be included, we will 
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solve LP iteratively. At an iteration we only take into account a subset of possible 
paths. After solving this restricted size linear program LP, we determine for all the 
demands k Dl if there is a better candidate path for their rerouting. That consists of 
verifying whether there exists or not a path with a negative reduced cost for this 
demand among all the paths j Hl(k) not already present in LP. Let us remember that 
the reduced cost of a rerouting path j for a demand k Dl takes the form: 

kl
je

el
l

jk ,,,

It is very easy to determine the path j that minimizes this reduced cost. It suffices 
to provide the links e of the graph El with the weights l,e and to calculate the 
shortest path between the origin and the destination of the demand k Dl. If the 
length of this shortest path is strictly smaller than the value of the dual variable l,k

then this shortest path has a negative reduced cost and must be retained for rerouting 
demand k. If it is longer, there is no best path candidate for rerouting demand k for 
this iteration. It then suffices to remove the rerouting demands for all the 
breakdowns, to insert in LP the set of negative reduced cost paths retained, and then 
solve LP again. We obtain a new intermediary solution for which we can start again 
the process. When there is no longer any demand for a path with negative reduced 
cost, the solution of the current iteration of LP is optimal. This path generation 
technique lets us solve LP directly. We can however only solve instances of small 
size. As soon as it exceeds 40 vertices and 100 links with about 500 traffic demands, 
getting the optimal solution becomes much more difficult. We note a slower and 
slower convergence of the process and the number of generated paths explodes. 

For instances of larger size networks, we must use another more competitive 
optimization technique, for example a decomposition technique that makes the most 
of the particular structures of linear programs that model non-simultaneous 
multiflows.  

7.4.2. Solution of non-simultaneous multiflows by decomposition 

Non-simultaneous multiflow linear programs have very particular structures. For 
what concerns traffic flow constraints (I), there is complete independence between 
the different breakdowns considered. On the other hand, capacity constraints (II) are 
coupled by capacity variables Re. For such a structure of the matrix of constraints, 
Benders’ decomposition is applicable. 

The objective of Benders’ decomposition consists of separating the optimization 
of coupling variables Re from that of other variables describing the linear 
independent sub-programs. The decomposition of LP leads to two levels of linear 



204      Operations Research and Networks  

programs: a master program that determines the spare capacities on the links and 
satellites that define the rerouting paths for all disrupted demands for each 
breakdown. In fact, Benders’ decomposition is an iterative method. The master 
program calculates a vector of spare capacities contingent on the information 
available at the current iteration. Each satellite program will then verify that this 
capacity vector allows the rerouting of interrupted demands for the breakdown it 
handles. If these capacities do not allow the reroutings of all perturbed demands, the 
multiflow is non-admissible; then an admissibility condition on the vector of spare 
capacities is calculated. This condition is then provided to the master program in the 
form of an additional constraint so that it takes it into account in its later 
optimizations of the capacity vector. The optimal solution is reached when a 
capacity vector supplied by the master is admissible for all the satellites considering 
the different breakdowns. Each satellite then gives the rerouting paths used and the 
values of traffic passed on each of them. From a mathematical point of view, each of 
the |L| satellite programs is determined by fixing the values of capacity vector R in
LP. We obtain for a breakdown l, the following program Pl :
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Here we face a multiflow admissibility program. The first constraints force the 
passage of the perturbed demands k Dl. The seconds correspond to the capacity 
constraints. As for the optimization of the global multiflow program LP, we use a 
technique of generalized linear programming by generating paths to solve each of 
the satellite programs Pl. We will use the dual variables l,k and l,e to calculate the 
pertinent rerouting paths for the demands k Dl.

The variable and objective function l determines the admissibility or not of the 
multiflow for a capacity vector R. If r

l  is negative or zero for the optimal solution 
of Pl, this indicates that the capacities on the links are sufficient to reroute the 
perturbed demands. However, if r

l  is strictly positive, it is necessary to add 
capacity to the links. The condition of admissibility that we will give to the master 
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program consists of forcing a negative or zero value for r
l . To do that, it suffices to 

notice that due to the duality, the optimal solution of Pl is such that: 

ll Ee
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where r
el ,  and r

kl ,  are the values of dual variables for the optimum of Pl. To force 

a negative value of r
l , it suffices then to add to the master program the following 

constraint on the capacity vector: 
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Under these conditions the master program PM is written as: 
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The space of admissible capacity vectors is then defined by a finite but 
potentially exponential number of constraints. l  gives the set of possible 
constraints for a breakdown l. Experiments show, however, that the iterative process 
between the master program and the satellites converges rapidly (a few dozen 
minutes CPU on a PC) to the optimal solution even when the network size attains or 
goes over 100 vertices with 200 or 300 links and two or three thousand traffic 
demands. The number of constraints generated in PM remains limited and does not 
exceed a few hundred (much less for medium size networks).  

Let us note that many of the constraints of PM have equal coefficients r
el ,

and can then be written as 
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We immediately notice that these constraints are nothing other than the 
bipartitioning cuts of the network. They simply express that the sum of the 
capacities that one must install on the set of links crossed by a bipartition cut of the 
network must be greater than the sum of the traffic demands whose origin and 
destination are in each bipartition. Some authors, however, use only these bipartition 
cuts to solve the multiflow problems and thus avoid the solution of admissible 
multiflow linear programs. In l there are other families of more complex 
constraints and are, in essence, more difficult to define a priori. That is why the 
approach that consists of generating cuts of l, without recourse to the implicit 
solution of the linear program of admissibility of the flow previously described, does 
not necessarily seem more efficient. We can refer to the literature if we wish to have 
more information on the different families of possible cuts of l.

7.4.3. Extension of the decomposition model for modular capacities 

In the preceding section, the model of dimensioning considered continuous 
capacity variables. It is easy to extend this model in order to take into account 
modular capacities. Let us note that it is also possible to handle cases where several 
modularities cohabit. To facilitate the explanation we will only consider the case 
with a single module of capacity C. Extension of the continuous capacity variables 
model is done by replacing the continuous variables of capacity Re with the integer 
variables Ye giving the number of capacity modules C on a link e. For the satellite 
programs, that entails no change. It suffices to replace Re by C·Ye in the right-hand 
side of the capacity constraints. The master program undergoes more evolutions. It 
becomes: 
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and pe is here the price of a capacity module C for link e. The master program PMI
has become an integer linear program that can be solved with a classical solver of 
linear programs with mixed variables, such as CPLEX.  

We can considerably improve the efficiency of this solution by reinforcing the 
knapsack type constraints on the variables Y. The dual variables r

el ,  that we obtain 

during the solution of the satellites are very often equal. We can then report this 
coefficient to the denominator of the right-hand side of the constraint. The terms of 
the left-hand side of this constraint then do not take more than the values 0 or 1. We 
can then without loss of information reinforce the right-hand side of the constraint 
up to its upper integer part (we denote with  this reinforcement). In fact this 
reinforcement operation can be done even if dual variables r

el ,  are not all equal. 

Thanks to properties of the constraint matrix of the dual of the multiflow satellite 
programs (all its coefficients are integers), it is possible to express in a constant term 
the set of coefficients r

el ,  for a constraint r given as the product of a constant term 

v by the integer coefficients r
el ,  ( r

el
r
el v ,, ). The constraints of PMI become: 
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Without this reinforcement, solving PMI would doubtless be illusory! It is still 
possible to improve the efficiency of Benders’ iterative procedure by noticing that 
the succession of optimal solutions of PMI is increasing; by adding an admissibility 
constraint to PMI, the value of its objective function can only increase. The value of 
the optimal solution obtained for an iteration can be used as the minimum bound for 
the solution of the following iteration. Then the solution of this can be truncated 
when the best admissible solution found reaches this bound.  

While the solution of the master program now calls for the solution of an integer 
linear program reputed to be much more difficult, we can notice with curiosity that 
the search for the optimal dimensioning of modular spare capacities does not 
necessarily have a longer calculation time: it is sometimes even the contrary! Of 
course the computation time to optimize the master program PMI is much longer. 
On the other hand, the computation time to optimize the satellites is shorter. As the 
capacities on the links are modular, the decision to add capacity in the network 
brings much more freedom for the search for an admissible multiflow for each 
breakdown. The number of optimized satellite programs is thus decreased as well as 
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the calculation time for the solution of each of these satellites: many fewer paths are 
computed. 

7.5. Conception of cellular networks  

Cellular radiotelephony is a communication system that enables clients to 
telephone while freely moving in a territory. Communications are established with 
mobile terminals or mobile stations by radioelectric waves. The territory covered by 
the radio network is cut into cells (see Figure 7.4), each cell being the result of radio 
coverage of an emitting station or a base station that is a component of the network. 
This cutting gives the network the faculty to reply to a very large number of 
communications in spite of spectral resources limited by reuse of the frequencies 
from one cell to another (for example 62 frequencies for the GSM (Global System 
for Mobile Communications) in France). 

Figure 7.4. Cellular network 

The quality of the service offered on the entire covered zone is complex to 
calculate; it depends on several factors tied to individual properties of each cell 
(station location, coverage, capacity, etc) and to the collective properties emerging 
from the whole system (mobility, radio quality, etc). Knowing that the real urban 
networks today exceed 1,000 base stations, the complexity of the problems and the 
very large economic stakes (the number of mobile telephone subscribers is greater 
than the number of fixed telephone subscribers) have generated numerous studies on 
the optimization of cellular networks: localization of sites, connection to the fixed 
network, radio resource assignment, etc. 
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The general issue of the conception of cellular networks globally consists of 
optimizing the choice of the number, location and parameters of the base stations to 
attain the objectives of service quality fixed by the operator at each point of the 
covered zone. To fulfill these objectives, optimization and simulation are 
indispensable tools because the combinatory is very high, the volume of data is large 
and evaluation functions are complex. A base station can be installed on any roof or 
building facade and no less than a dozen parameters determine its adjustment: 
height, type of antenna, orientation, power, frequencies, etc. Also, the evaluation of 
the service quality can be done from any point in the zone that can receive a mobile 
phone signal with precision from a few dozen meters to several dozen kilometers. 
This evaluation is made complex because the presence of a service of quality comes 
from several network properties, such as its coverage, its capacity to pass traffic or 
its tolerance to mobility. This last factor, peculiar to mobile radio networks, is 
certainly the most difficult to manage.  

As shown in the preceding section, in fixed network planning, networks are often 
modeled by graphs whose vertices are transmission points or commutation 
equipment, and the edges represent means of transport (cables, fibers, etc.) or the 
flow of data. For these problems the graph model constitutes a natural 
representation, so that optimization tools may be based on algorithms from 
operational research. On the radio access network, communications are established 
via radio waves between a base station that supports a fixed transmitter connected to 
the network and a mobile station used by the client and situated somewhere in the 
geographic zone and capable of moving while communicating. Radio network 
planning thus uses a meshed or discretized zone on which each point of the zone is a 
potential emission point (in the direction mobile base) or reception point (in the 
direction base mobile) for a mobile station. Optimization of the network must be 
done by taking into account the service quality on each of the points in this zone. 
The use of graphs and associated methods to handle the problems is possible, but 
particular attention must be given to modeling and solution methods that are able to 
support large size problems. The number of variables and constraints to consider is 
very large;  a radio network covering a zone represented by more than a million 
points are frequently optimized. Because of this, questions concerning the adaptation 
of tools guaranteeing optimal solutions to these optimization problems remain open. 
For the moment, in the absence of adapted theoretical tools, an important place is 
given to approximate approaches based on metaheuristics. These let us propose 
quality solutions in acceptable times and use heuristics tested by engineers to solve 
small size problems. 

The following sections present research work that lead to the development of 
evolutionary algorithms and tabu algorithms to consider planning problems in radio 
networks. Two main subjects are addressed, the search for positioning and 
configuring radio sites, which implements the construction of cells, and the 
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assignment of frequencies at the base stations of the network that furnishes a 
frequency plan capable of delivering the traffic demand. The two subjects addressed 
are related to the GSM system that is the most widely used in the world today [LAG 
99]. In conclusion, we will mention a few elements of the evolution of problems in 
view of the deployment of the UMTS (Universal Mobile Telecommunications 
System), a relatively new norm of digital communication, which started in 2004. 
Simultaneous optimization of cellular topology of the network, induced by the 
positioning and configuration of the antennas, and quality radio management after 
the assignment of frequencies, is the ideal method to design a network. But the two 
problems are in themselves very difficult, and they are almost always considered 
separately. Some tentative trials regrouping the two problems to envisage them as a 
single unique optimization problem have been presented in literature, but in making 
many concessions to antenna positioning and configuration, with a very restrained 
number of parameters or quality metrics,the results are made impracticable [CAL 
96, FLO 97, FRU 97]. The two problems are considered separately here, with 
frequency assignment being seen as a result of antenna positioning and 
configuration. In addition to these two problems, the definition of mobile 
localization zones and connection of base stations to the fixed network constitute 
two other problems that complete the range of difficult problems in planning mobile 
radio networks. These two problems are not addressed here. 

7.6. Antenna positioning and configuration 

Antenna positioning and configuration is a difficult problem because it 
cumulates several components whose integration is antagonistic. From the angle of 
optimization, we must simultaneously treat several objectives that lead to solutions 
that cannot coexist; for example, maximizing the cover for a number of given sites 
while minimizing the overlap among the cells. However, the real cells are never 
perfectly contiguous, contrary to theoretical studies that fix the number of sites. 
From the angle of exploitation, we must approach a good solution in a reasonable 
calculation time, for example in less than 24 hours, whereas most of the models of 
field-strength prediction that furnish the input data to determine the quality of 
assigned parameters do not allow us to test more than a dozen of coverage solutions 
in 24 hours. This problem thus necessitates great reflection in terms of mathematical 
modeling and algorithmic efficiency. This is the reason why the literature offers 
only very few references on this subject, except in indoor network design (antennas 
located inside buildings) where the territories to cover are very restricted, which 
makes acceptable the necessary computational time for combinatorial optimization 
[SHE 94, FOR 95]. In practice, the design of cellular topology is still done 
empirically by experts assisted by simulation tools to evaluate the quality of their 
solutions. 
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 In general, the problem of antenna positioning and configuration needs several 
resources whose allocation is sequentially done by the network operators: 
positioning of the base stations in a set of candidate sites, station configuration 
notably in number and type of antennas, and antenna configuration settings. 
Allocation of the set of resources organizes the cellular topology. A cell is a 
geographic zone whose localization, coverage and supported quality of service 
depend on the configuration of a quadruplet (site, station, antenna, frequency). Even 
if the set of cells forms the cellular network, their juxtaposition is not sufficient to 
construct a satisfactory network. The network is a complex system whose design 
necessitates a systematic approach. The control of interactions among the cells that 
compose it is a key element of the service quality given to clients. By supposing that 
the set of cells covers the territory on which the network operator wishes to offer a 
wireless communication service, there remains the issue that mobility management 
is difficult to tackle. To succeed, each cell must be constructed and configured 
according to the others, its neighbors. For this reason, all the resources must be 
allocated simultaneously to allow for the need for coverage to satisfy the 
fundamentals of the mobile radio system, that is, the service quality, the capacity 
and, above all, the mobility.  

The objectives of service, capacity or mobility change considerably according to 
the considered territory: indoor and outdoor deployments, and rural and urban 
environments do not have the same needs. However, it is possible to establish 
general optimization objectives. In the same way, the constraints to respect can 
change from one environment to the other, but generally requirements on cover and 
traffic must be satisfied. On the other hand, available necessary information to 
design the network is very different according to the environment: building maps in 
3D for an indoor network (commercial center, company, etc), contour of building 
and open spaces for an urban network, nature of the above-ground terrain and 
precise layout of rural roads and highways, etc. This variety of data describing the 
environment is justified by the singularity of the phenomenon of radioelectric wave 
propagation according to the surroundings. The waves react differently according to 
the obstacles that they meet. For this reason, several radio wave propagation models, 
which combine differently the phenomena of reflection, diffraction, penetration, etc, 
are used to simulate cellular coverage, and each of them needs particular information 
[BOI 83]. It follows that it cannot be directly envisaged to propose a global 
mathematical model furnishing all the elements necessary for combinatorial 
optimization of a cellular network for all environments. The model explained below, 
and used later, is related to the design of the cellular network in external 
surroundings with macro-cell type (antennas installed above the roofs).
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7.6.1. Multicriteria model 

The model that we propose comes from the ESPRIT IV ARN research project 
(IT 23243 financed in part by the European Commission) for Algorithms for Radio 
Network Optimization. It concerns, in particular, the GSM system, but its principle 
can be extended to optimization of networks using other cellular systems. In 
addition to the modeling of a large number of data and constraints, among which are 
those that come in the design of a cellular network, this model presents some 
originalities in the definition of objectives of network conception. It deals with a 
concentrator link model that aims to simultaneously maximize objectives of cost, 
capacity and radio quality. It is thus a multicriteria model. The objectives of capacity 
and radio quality are the basic elements needed in order to offer a guarantee of 
service quality to network clients. The cost objective is the indispensable 
complement that assures the operator the design of the best network, at the best 
price, for the expected service quality.  

The concentrator link approach seems perfectly adapted to the situation since to 
establish a communication network we indeed imagine that a mobile, wherever it 
may be, must be attached to a base station by radio. The organization model must 
then allow us to be assured that at every point of the territory it is possible to 
establish a radio connection with at least one base station in the network, and thus 
guarantee the cover of the territory. This approach has been adopted in several 
studies [SHE 94, FRU 96, FLO 97]. The sections that follow successively introduce 
the description of data, constraints and the objectives of the problem on the basis of 
a multicriteria concentration model. A more detailed description of the presented 
model is found in [REI 98]. Although incomplete, this model is a good base to 
understand real problems. 

Data of the problem 

The data of the problem come essentially from the dimensioning phase before 
the phase of network design. This phase also depends on the resources and 
objectives of the design in terms of cost, capacity and expected radio quality. Let 
be the deployment zone of the regularly discretized network in which all the points 
are marked by their coordinates (x, y); the data from the dimensioning are: 

and , sets of predefined points RTPi and STPi of , so that ,
on which the quality of the radio signal must be tested and eventually compared to a 
threshold Sqi for a given service. The threshold of quality essentially depends on the 
type of mobile station expected on each point. 
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 T, a matrix describing a demand in traffic ei at each point of (often 
approximated by Erlang’s distribution) [LAG 99]).

 L, a set of points Li, or sites, predefined from  on which base stations could 
be deployed. The sites are described by their height z. The sites classify rather 
diverse locations: high buildings, negotiated buildings and operator buildings, etc. 

, a set of costs fi per site Li. fi is a function that estimates the cost of 
interventions carried out on Li. The interventions considered are the opening of a 
site, the addition and the modification of a base station on the site (for example, an 
antenna change) and the closing of a site (base stations are put out of service). The 
intervention cost varies according to the site access, the rent, etc. 

Engineering parameters 

Engineering parameters are the set of given rules relative to the design of the 
cellular networks. Some are directly furnished by engineering rules on network 
equipment, while others are more complex and come from digital models: 

 Parameters on the base stations (Table 7.1): localization, height, antenna, 
horizontal (azimuth) and vertical (tilt) orientations of the antenna, power at 
emission, amount of transmission/reception equipment (TRX). These parameters are 
the unknowns of the problem. The table below gives their domain of validity for a 
base station k of site j, noted as Bj,k. The set of base stations is noted as .

 Parameters on the antennas: vertical diagram DGV, horizontal diagram DGH, 
gains, etc. The diagrams of the antenna describe the loss of signal power on 
horizontal and vertical planes. These parameters are fixed for each antenna. 

 Model of radio-wave propagation: it is a digital model simulating the loss of 
the radio wave on the path between any two points representing one transmitter 
(base station) and one receiver (mobile station). This model is rather complex; it 
takes at entry a cartography as precise as possible, including a digital model of 
ground and above-ground terrain. Its output is AFFi,j,k, the loss of the signal in dB 
between a base station Bj,k and any point RTPi of .
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Configuration of base station Bj,k Domains 
Antenna Database 
Azimuth 0° to 360 °  
EIRP (emitted power) 33 dBm to 55 dBm 
Height 0 to 150 meters 
TRX 1 to 7 
Tilt 0° to 15° 
Localization L

Table 7.1. Parameters on base stations

Constraints 

The design of the network is strongly conditioned by engineering constraints. 
They guarantee the deployment of a cellular network satisfying a minimum service 
quality. Within the optimization problem they define the set of feasible solutions. 
The three major constraints of the model are defined below: 

– cover constraint: each point STi in the deployment zone must be covered 
with a quality signal verifying the threshold of quality Sqi on this point; 

– handover constraint: the cell of each station Bj,k must have at least one cover 
zone with that of another station Bu,v in order to guarantee the continuity of a mobile 
communication; 

– connectivity constraint: the set of points from covered by a station Bj,k

must be connected.  

Objectives

At last the objectives of the problem are fixed. Network optimization is realized 
by taking into account numerous quality metrics. The importance and utility of these 
metrics depend notably on the considered step (newly deployed or evolving 
network) and on the investment strategy of the operator. The four objectives below 
constitute a departure point to be adapted according to the case. They are 
interdependent and antagonistic, and their simultaneous management is thus 
difficult. The problem of the design of cellular networks is a multicriteria 
optimization problem with constraints to satisfy: 

– minimize the cost of the network; this objective is directly related to 
investment cost; 

1
min j j

j

f y
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where yj=1 if Lj locates a base station; if not, yj=0. fj represents the cost (aggregation 
of economic factors) of the site Lj;

– maximize the traffic flow: this objective aims at the best response to traffic 
demands;  

3

,
1 1

max j k
j k

where , , ,
1

min ,j k i i j k
i

n e x , with n given, knowing that x,i,jk=1 if the point 

STi is covered by the station Bj,k, and 0 if not; 

– maximize the yield: this objective aims to avoid the overdimensioning of a 
network by taking into account its capacity; 

| | 3
,

1 1 ,

max
( )

j k
TRX

j k j kE B

where E is a given Erlang table, and TRX
kjB , is the number of TRX of the station Bj,k;

– minimize the interference: this objective aims to manage signals that are 
useless for cover and mobility, and that penalize frequency management; 

| |

1
min i

i

where i is a set of interfering signals. 

The following section introduces a solution method for the problem of 
positioning and configuring antennas on the base of the above model. 

7.6.2. A heuristic for positioning antennas  

Complexity of the problem 

The complexity of the antenna-positioning problem is immense. The first factor 
of this complexity is linked to a very large number of possible combinations to 
configure the base stations of a network. Indeed, with a realistic discretization for 
the different antenna parameters, we obtain several thousand possible configurations 
for a single site. Let us call this number A. A will be multiplied by B if we have B
candidate sites (typically several hundred). To construct a network is to find a 
configuration among these A B possible choices that verifies the constraints and 
optimizes the objectives, and which involves a large size search space of 2A B. Thus, 
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for a realistic network of 400 candidate sites, the size of the space is of the order of 
23,000,000.

The second factor of this complexity concerns a very large number of non-trivial 
calculations. Indeed, at each step of the solution process it is necessary to verify the 
satisfaction of the constraints and the evaluation of the objectives. Thus, for an 
average of 100 selected stations in a typical network, one has to realize more than a 
million non-elementary calculations to evaluate a network configuration.  

These two characteristics make an exact solution impractical. An approximate 
solution is thus inevitable. Nevertheless, it is to be noted that a single metaheuristic 
would not be sufficient to address such a complex problem as antenna positioning 
and configuration. It would doubtless be more judicious to combine the 
metaheuristic approach with more specific techniques (heuristic or other). To 
illustrate this principle we will present a heuristic approach that combines a pre-
processing technique, an optimization step with tabu search and a post-optimization 
step [VAS 00]. Two other heuristic solution approaches following this combination 
principle are presented in [BER 98, CHA 98]. 

Reduction of search space by pre-processing 

Pre-processing is a well-known technique in optimization that aims to diminish 
the size of the initial search space and the calculation time. For the problem 
considered, an interesting pre-processing consists of using certain constraints of the 
problem to suppress bad configurations. The fundamental idea is the following: for 
each candidate site, we calculate all the possible cells generated by a complete 
configuration of a base station (power, tilt, azimuth, etc). According to the 
individual characteristics of these cells, we retain or refuse the stations that engender 
them.  

Out of about 3,000,000 possible configurations for a typical network, pre-
processing retains on average only about 200,000 to 300,000 configurations that are 
likely to participate in a good solution. If today it is practically impossible to realize 
an efficient search in a space with 23,000,000 points, we can hope to find a good 
solution in a greatly reduced space of 2300,000.

This pre-processing also favorably prepares the following optimization step by 
the realisation of a large number of costly calculations. Indeed, the value change of 
an antenna parameter has effects on numerous cells. To evaluate these effects in the 
network, we must realize a large number of non-trivial calculations (arc-tangent, real 
divisions, separation of the signals, calculation of connected components, etc). 
These calculations being realized and stored by pre-processing, the values of these 
calculations will be directly available during the optimization step by tabu search.  
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After this pre-processing step, we have a reduced set of cells that individually 
verify certain desired properties. These cells constitute the point of departure for the 
network construction. This means finding a subset of stations among the stations 
chosen by pre-processing so as to cover the geographical zone while respecting the 
constraints and optimizing the objectives of the problem. This task is assured by a 
tabu algorithm. 

Optimization by tabu search 

Tabu search (see Chapter 3) is a very powerful metaheuristic founded on the 
notion of neighborhood [GLO 97]. As with every neighborhood method, it follows a 
rather simple general scheme. The search begins with an initial configuration and 
then realizes an iterative process that, at each iteration, chooses a neighbor of the 
current configuration according to a neighborhood N and then replaces the current 
configuration by the neighbor selected. This process stops and returns the best 
configuration found when the stopping condition is realized. This stopping condition 
generally concerns a limit for the number of iterations or an objective to be realized.  

From this general scheme, we note certain similarities between tabu search and 
simulated annealing. However, unlike simulated annealing that randomly considers 
a single neighbor solution s' N(s) at each iteration, tabu search examines a set of 
solutions, often the totality of solutions of N(s), and retains the best s' even if s' is 
worse than s. A tabu search thus does not stop at the first local optimum met. 
However, this strategy can lead to cycles, for example a cycle of length 2: 
s s' s s'. To prevent this type of cycle, we store the last k configurations visited 
in a short-term memory and forbid every movement that leads to one of these 
configurations. This memory is called the tabu list; it is one of the essential 
components of this method. The tabu list allows us to avoid all the cycles of length 
inferior or equal to k. The value of k, called the length of the tabu list, depends on 
the problem to be solved, and must be determined empirically. This length can 
possibly evolve in the course of the search. That is often realized with the help of a 
simple function defined on a significant parameter of the problem, for example the 
number of non-satisfied constraints. Let us note that a universal optimal length does 
not exist. 

The storage of entire configurations in a tabu list would be too costly in 
calculation time and in memory space and doubtless would not be a very efficient 
option. In practice, the tabu list stores only characteristics (for example, pair 
variable-value) of the configurations in place of complete configurations. More 
precisely, when a movement is made from the current configuration to one 
neighboring configuration, it is generally the characteristic lost by the current 
configuration that becomes tabu. Thus, if the movement has modified the value of a 
variable, we forbid the return to the former value of this variable for the duration of 



218      Operations Research and Networks  

the tabu list. When a tabu list records characteristics, the interdictions that they 
engender can be very strong and restrain the set of admitted solutions at each 
iteration in a too brutal manner. A particular mechanism, called aspiration, is put in 
place in order to overcome this disadvantage. This mechanism allows us to revoke 
the tabu status of a configuration without, however, introducing a risk of cycles in 
the search process. The aspiration function can be defined in several ways. The 
simplest function consists of revoking the tabu status of a movement if the tabu 
status allows us to attain a quality solution superior to the best solution found up 
until then.  

There exist other interesting techniques to improve the power of this basic search 
schema of tabu search, in particular by intensification and diversification. Both are 
based on the use of long-term memory and are different according to the means of 
exploiting the data in this memory. Intensification consists of realizing a detailed 
search in a zone judged as interesting. Diversification has an inverse objective from 
intensification: it directs the search toward unexplored zones. Intensification and 
diversification thus play a complementary role. 

Thus, to develop a tabu algorithm for a given problem, it is necessary to develop 
a set of base elements as the configuration, the evaluation function, the 
neighborhood, the tabu list, etc. We will now present the principal ingredients of a 
tabu algorithm to treat the application of antenna positioning and configuration.  

Configuration and evaluation 

A solution to the problem will be composed of a subset of the stations furnished 
by the pre-processing stage. A configuration will then be naturally defined by a 
binary vector, each component representing the presence or not of a station. More 
formally, let ß be the set of stations selected by pre-processing; a configuration is a 
vector s = (b1,..., b|ß|) of X  S = {0,1}|ß| where X is the partially constrained space 
defined by the set of binary vectors verifying certain constraints of the initial 
problem. Such a configuration only verifies a part of the initial constraints. The non-
satisfied constraints (relaxed) are integrated in the evaluation function and treated by 
a penalty approach.  

To evaluate the quality of such a configuration in relation to the set of objectives 
and relaxed constraints, we adopt a prioritized approach. More precisely, we use a 
vector function:  

(s) = c1(s)…cp(s), f1(s)…fq(s)

where each ci (1  i  p) is a function of evaluation of a relaxed constraint and each fj
(1  j  q) an evaluation function of an objective of the problem. We accord a greater 
importance to a constraint than an objective to favor satisfaction of relaxed 
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constraints. By imposing an order of priority on these functions we can compare any 
two configurations. 

Neighborhood and tabu list 

A possible neighborhood relation for a binary problem is founded on the 
add/drop principle: from a configuration we change the value of a variable from 0 to 
1 and another from 1 to 0. In this case, where the configurations are subject to 
constraints and held in a restrained search space X, this simple neighborhood 
add/drop can be extended to add/repair. Here, when a variable is set at 1, we modify 
as many variables (transition 0 1) as necessary to bring the configuration back into 
the space X.

For antenna positioning we can define the neighborhood N as follows. Let s = 
(b1, b2, b3..., b|ß|)  X be a valid configuration, a neighboring configuration s  = (b 1,
b 2... ,b |ß|) is obtained by a series of flips: (bi: 0 1, bi1...bin: 1 0) where bi1...bin are 
variables connected to bi by a constraint. This neighborhood consists of adding to 
the current network a station ß, and of dropping a certain number of stations so that 
the new configuration remains in the partially constrained space X. Such a 
neighborhood implies for each configuration s of X, |N(s)| = |ß|-|s| neighbors with 

ß||1
 |s|

i

ib .

The tabu search algorithm navigates in search space X to visit configurations 
there. To prevent the search from being trapped by the cycles, the tabu list stores 
recently realized movements. Its use necessitates a vector T of length |ß| of which 
each component corresponds to a possible movement of the current configuration. 
Thus, each time that a variable bi is set at 1 (addition of a station in the network), 
setting this variable back to 0 (suppression of the station) is forbidden for the next 
T[i] iterations. The value T[i], the length of the tabu list, is determined by a function 
freq(i) that corresponds to the number of times where bi is changed from 1 to 0. In 
practice, T[i] stores freq(i) + j where j is the current iteration. Thus, to know if a 
movement is classified tabu at an ulterior iteration t, it suffices to simply compare t
and T[i].

Strategy of movement and aspiration 

At each iteration, the tabu algorithm examines the set of neighbor configurations 
N(s) that are not forbidden by the tabu list and then selects the best neighbor s’. The 
selected neighboring configuration s’ then replaces the configuration s and becomes 
the current configuration. It is important to note that the neighbor retained is not 
necessarily of better quality than the configuration that has just been replaced. 
Indeed, it is this characteristic that gives the tabu search the possibility not to stop at 



220      Operations Research and Networks  

a local optimum. It should equally be noted that the tabu search recommends the 
evaluation of all the neighbors at each iteration of the search. That could be costly a
priori. In practice, two solutions are possible. The first uses a rapid incremental 
evaluation with the help of a data structure that stores the cost differential for each 
possible movement. In the case where such a data structure is not available, we then 
adopt the second solution that consists of examining only a subset of N(s). Very 
often, this subset is either randomly taken from N(s), or limited to the configurations 
verifying certain properties. 

Post-optimization 

Post-optimization is a technique widely used in combinatorial optimization and 
constitutes the last stage of our global heuristic approach. Starting from a solution 
furnished by the tabu algorithm, this step tries to improve the quality of this solution 
even more by focusing on a particular objective (diminution of the potential noise 
level, traffic lost, etc). It can also serve to satisfy constraints (cover, etc) that 
remained violated during the optimization by the tabu search. Post-optimization is 
essentially assured by some simple deterministic rules acting on the antenna 
parameters. In general, modifications in this step are rather limited. 

This heuristic approach has been tested in two types of situations. The first 
consists of adjusting certain network parameters to optimize network quality. The 
second consists of constructing an entire network. In both cases, different networks 
are envisaged, corresponding to typical environments: route axis, rural environment, 
urban environment or even a dense urban environment. Experimental results show 
that this heuristic approach is easily adaptable to supply optimized solutions to 
construct a network and to optimize an existing network.  

Similar results have been obtained by other heuristic approaches [BER 98, CHA 
98]. Like the approach that has just been presented, these approaches combine a 
general heuristic such as simulated annealing, evolutionary algorithms or neural 
networks with problem-specific heuristics. All these studies clearly show us the 
interest of combinatorial optimization by heuristics to position and configure 
antennas.

7.7. Frequency assignment 

Frequency assignment varies according to the application (FM diffusion, TV 
diffusion, mobile phones, etc) and to the radio communication system used. In the 
case of mobile telephony by terrestrial cellular networks, there are several systems 
that have their own standards of frequency management and, in particular, of 
interference and transmission rates. Spectral resources, usage constraints and distinct 
quality and capacity objectives illustrate these particularities. However, in all these 
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cases, the success of the cellular network makes it necessary to optimize spectrum 
use. The need for operators to satisfy their clients in a context of strong competition 
emphasizes the importance of constructing good frequency plans. In addition, the 
very large size of these networks justifies the use of optimization algorithms to 
manage the complexity of the problem. 

Concerning the GSM system, the problem of frequency assignment consists of 
allocating a finite number of frequencies to each emitting station (BS) in the 
network. These frequencies will be used by the station to send the signal for each 
individual connection established with clients’ mobile phones. The number of 
frequencies to allocate is defined according to the functions of the GSM system 
present in the network. With activation of the frequency hopping, the number of 
frequencies to assign is also a parameter of the problem. In the simplest case, 
without activation of the frequency hopping, di the number of frequencies to assign 
per base station si is firstly fixed according to the traffic demand in the zone covered 
by the base station, the cell. The following model is dedicated to this type of case. 
There is currently no widely used public model that integrates the frequency 
hopping in a satisfactory manner and can be used as a reference. 

Generally, no matter what system options are activated, the frequency 
assignment is a constrained optimization problem whose objective is to minimize 
the interference to satisfy a level of jamming or quality of service. Radio 
interference is produced in an area when several emitting stations cover this area, 
and when these stations use the same frequency channels (i.e. co-channel 
interference) or frequency channels that are close on the spectrum (i.e. interference 
in adjacent channels). The interference with frequency fi,l of station si in any area 
(point) m is evaluated by the following function: 
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of the base stations si and sj in m,
, ,( )i l j kabs f fK  is the level of protection among the 

frequencies fi,l of si and fi,k of sj and BS is the set of network base stations. 

The frequency fi,l of the station si is jammed at a point m if: ,
m
i l jamt , where 

the jamming threshold tjam is dependent on system functions (activated or not) on the 
network. Minimization of interference can be treated in diverse ways: minimize the 



222      Operations Research and Networks  

number of jammed points, minimize the volume of jamming relative to the 
interference threshold considered for all the jammed points, minimize the absolute 
interference independently of a threshold, etc. [KOS 99] gives a rather large list of 
the problems that can be formulated. The most classical consists of minimizing the 
volume of interference relative to a threshold for a number of jammed points 
determined in advance. In this case, by making an abstraction of multiple jamming, 
i.e. by limiting oneself to the interference of a station si by a unique station sj, the 
problem can be modeled in the form of a problem of constraint satisfaction. An 
engineering rule lets us determine the separation of frequencies to respect between 
the channels of si and the channels of sj to satisfy the interference relative to the 
given threshold; the problem then consists of assigning the frequencies to the 
stations so that the constraints of frequency separation between station pairs are 
satisfied. It is this model that has been retained for this study. This model has been 
much used during the last ten years and has led to a very large number of studies 
published in the domain of radio networks and operations research including [BOX 
77, GAM 86, DUQ 93, TIO 95, DOR 95, 98b, CAS 96, HAO 96, 98] which are 
basic references. 

In all the models, the problem is made complex by a large number of basic 
constraints to be satisfied. The constraints are traffic demand, initial assignments, 
forbidden assignments, intra-station separation of frequencies and separation of 
frequencies between stations on the same site. In GSM, the number of available 
frequencies varies according to world regions. In no case can an operator use 
frequencies outside the radio spectrum attributed to him by license; for example, 
French operators have 62 frequencies in the 900 MHz band. However, the demand 
for frequencies goes way over this resource. A medium size urban network 
frequently has from 3,000 to 4,000 channels; a large size network has more than 
10,000 channels, which is the case for London, Paris and Rome. This restriction thus 
imposes a very great rate of spectrum reuse that must be satisfied; it is unacceptable 
for an operator not be able to totally satisfy the demand – it is a question of survival. 
However, reuse is a source of radio interference, which makes interference 
minimization difficult. The other constraints are directly concerned with the 
conditions of frequency reuse. The initial or forbidden assignments suppose that 
certain frequencies are already assigned to certain channels or that certain 
frequencies cannot be assigned to certain channels. It is the same for one station or 
among a number of base stations on the same site. The channels cannot use the same 
frequencies or neighboring frequencies in the spectrum; a minimum separation of 3 
frequencies is required for intra-station or (co-station) channels, and 2 frequencies 
for the channels among co-site stations.  
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7.7.1. Modeling by set T-coloring 

Set T-coloring 

The problem of frequency assignment can be appropriately formalized with a 
mathematical model: set T-coloring [HAL 80]. Set T-coloring is a generalization of 
the classical graph coloring model, which is widely studied in the literature.  

Let G=(V;E) be a non-oriented graph where V={v1…vn} is a set of vertices and E
a set of edges E={{vi,vj} | vi, vj  V}. A k-coloring (k positive integer) is a function 
c : V {1…k} so that for each edge {vi,vj}  E, |c(vi) - c(vj)|  0.  

In a k-coloring of G, each vertex of G is colored with one of the k colors {1…k}
so that the colors of the two vertices are different. The problem of graph coloring
consists of determining the chromatic number (G) of a given graph G, i.e. the 
smallest k for which there is a k-coloring. 

We can generalize this coloring problem to introduce the problem of set T-
coloring (let us note ST-coloring) in the following manner. We associate with each 
vertex in the graph a specific number of colors. For each pair of colors (from one or 
two adjacent vertices), we specify a separation constraint defined by a set of 
forbidden values. To determine a ST-coloring with k given colors consists of 
coloring the vertices in the graph so that each vertex receives the number of colors 
demanded and the separation constraints are respected. 

Modeling frequency assignment 

We can now formalize the problem of frequency assignment with ST-coloring 
[HAL 80, DOR 98a, 98b]. To do this, we represent the available network 
frequencies by colors, and we construct a ST-coloring graph G=(V ;E ;T ;D) where: 

– V is the set of mobile radio stations;  

– E is the set of edges representing neighboring stations; 

– D is the set of frequency needs per station (number of colors per vertex) 

– T is the set of minimum frequency separations for intra-station channels and 
for channels between neighboring stations. 

The following example shows the model of a network of four stations with the 
number of frequencies per station and the necessary frequency separations. For 
example, station S3 demands two frequencies that have a minimum separation of 3 
in the radio spectrum. In the same way, a minimum distance of 2 must be respected 
between frequencies S1 and S3 and frequencies S1 and S4. 
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Figure 7.5. Frequency assignment and T-coloring with sets 

Thus the search for a frequency plan without interference with k frequencies 
consists of determining a ST-coloring with k colors.

7.7.2. Solution by evolutionary algorithms 

Evolutionary algorithms, more particularly genetic algorithms (see Chapter 3), 
are heuristic optimization methods whose principle is inspired by the process of 
natural evolution [GOL 89, MIC 92]. A typical evolutionary algorithm is composed 
of three essential elements: 

– a population constituted of several individuals representing potential solutions 
(configurations) of the given problem; 

– an evaluation mechanism of the adaptation of each individual in the population 
in regard to its exterior environment; 

– an evolutionary mechanism composed of operators making it possible to select 
certain individuals and to produce new individuals from selected individuals. 

From an operational point of view, a typical evolutionary algorithm begins with 
an initial population and then repeats an evolutionary cycle composed of three 
sequential steps: 

– measure the quality of each individual in the population by the evaluation 
mechanism; 

– select a part of the individuals; 
– produce new individuals by recombination of selected individuals.  

This process ends when the stopping condition is verified, for example when a 
maximum number of cycles (generations) or a maximum number of evaluations is 
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attained. According to the analogy of natural evolution, the quality of individuals in 
the population should tend to improve during the process. 

The objective of selection is to choose individuals able to survive and/or 
reproduce to transmit their characteristics to the following generation. The selection 
is generally based on the principle of conservation of the best-adapted individuals 
and the elimination of those less well-adapted. Crossover or recombination tries to 
combine the characteristics of parent individuals to create offspring individuals with 
new potentialities in the future generation. Mutation causes slight modifications of 
some individuals. 

The theory of classical genetic algorithms advocates random operators (random 
mutation, random crossovers, etc). However, such an algorithm for optimization is 
rarely competitive without adaptation. In effect, to be efficient, a genetic algorithm 
must be carefully adapted to the problem treated by a specialization of its operators 
and by integration of specific knowledge of the problem. In the same way, genetic 
algorithms provide a general framework that, combined with other methods of 
specific or general solution, can lead to extremely powerful hybrid methods. 

By adapting the principle of genetic algorithms, an evolutionary approach has 
been developed for the problem of frequency assignment [HAO 96]. This approach 
is made up of an iterative cycle of evolutions operating on a population of frequency 
plans with specific evolution operators. By associating a rate of application with 
each evolution operator, this approach allows the reproduction of different evolution 
cycles, for example without crossover or mutation. 

This approach lends itself well to an efficient distributed implementation. Thus 
in [REN 97], the authors present such an implementation on a model of islands. In 
this distributed algorithm, each individual of the population is distributed on an 
island and is managed by a processor. The individuals evolve on the island by a 
mutation mechanism with the local search. Periodically, a control operator is 
triggered and decides on the exchange of information between islands. Contrary to 
the model of classical islands where the individuals transit from one island to 
another, here the exchanges are realized by a crossover mechanism between two 
individuals on the two islands. Thus, this distributed algorithm furnishes at the same 
time a great diversification of the population and an efficient regeneration of 
individuals offering new potentialities. It should be emphasized that the control 
operator plays an important role in such an algorithm. Experimentation shows a 
better regeneration of the population when the exchange operations are realized 
regularly, after fixed periods. The exchange period must then be determined 
according to the problems, and the islands must have sufficient time to intensify the 
search and discover the local minima.  
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These evolutionary algorithms are founded on a set of basic elements, such as 
configuration, the function and evaluation mechanism of individuals, the operators 
of evolution (mutation or hybridization) [DOR 95, 98b, HAO 96, REN97], which 
we present below. 

Configuration and search space 

Let a network with n stations be {s1…sn}, with a demand di for station si and k
available frequencies numbered from 1 to k. A configuration s = < f1,1…f1,d1,
f2,1…f2,d2……fn,1…fn,dn> is a complete assignment plan of k frequencies in the set of 
stations verifying the demand constraint. The search space S of a problem is made 
up of the set of configurations s of the problem: S = {s | s is a configuration}. 

Evaluation function 

Let s S be a configuration, the evaluation function eval(s) gives the weighted 
sum of the set of non-satisfied interference constraints by s: the smaller the value, 
the better the quality of the configuration. The value zero corresponds to an 
assignment plan without interference. 

Mutation by local search [DOR 95] 

A mutation by local search corresponds to a neighborhood method adapted to the 
frequency assignment problem. We will first introduce the neighborhood below.  

Let s = < f1,1…f1,d1, f2,1…f2,d2……fn,1…fn,dn>, then s’= < f’1,1…f’1,d1, f’2,1…f’2,d2…
…f’n,1…f’n,dn> is a neighboring configuration of s if and only if there exists a unique 
couple (i,m) {1..n} {1..di} so that fi,m f’i,m. In other words, a neighbor of a 
configuration is obtained by the unique modification of a frequency of a station in 
this configuration. A movement is then characterized by a pair (station, frequency). 
This neighborhood function implies a great number of neighbors for large networks 
(where the number of stations is greater than 100). We can reduce the size of this 
neighborhood by focusing on the conflicting frequencies. In effect, to improve a 
frequency plan, it would be judicious to modify the frequency of a station in conflict
(a station is in conflict if one of its current frequencies invalidates an interference 
constraint). That gives us a reduced neighborhood.  

Once the neighborhoods are defined, we can introduce multiple mutation 
operators by local search: descent, descent plus random-walk, simulated annealing 
or even tabu search. Thus, a mutation by descent with the reduced neighborhood 
replaces the frequency of a station in conflict by another frequency so that the 
number of non-satisfied interference constraints in the new configuration is 
diminished. In the same way, the mutation descent + random walk realizes the 
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descent with a rate p, and a random movement with a rate 1-p. Finally, the mutation 
can be assured with the strategy of simulated annealing or tabu search. 

Geographic crossover [REN 97] 

In general, specific crossovers use knowledge of the problem to transmit the 
good genes of the parents to the offspring. Geographic crossover uses spatial 
properties of the problem of frequency assignment. The network base stations, and 
thus the supporting channels, are localized and fixed in space. It follows that for 
each frequency allocated to a given station, the radio interferences generated or 
supported by it are subjected to or are the fact of other frequencies that are found in 
a region delimited in space. Geographic crossover exploits this property of problem 
localization (see Algorithm 7.2).  

To set up this crossover, a set of cells is identified from a reference cell called Ci.
The cells of the set have particular interference properties with Ci: they can interfere 
or be jammed by the frequencies used by Ci. The set thus constitutes a point of local 
interference centered on Ci that can be more or less well solved for each individual 
of the population. From a cell Ci randomly taken in the network, the function of 
geographic crossover is to identify this set and to create from two parents two new 
solutions resulting from the exchange of their information concerning the solution of 
this local point. Algorithm 7.2 defines this crossover. 

Select a jammed cell Ci

Construct the reference set SetCi for Ci

Let p1 and p2 be the parent individuals, and e1 and e2 the offspring individuals 
Do for j=1 to n, the number of network stations: 

If Cj is in SetCi then
e1 inherits the frequencies of Cj of p2

e2 inherits the frequencies of Cj of p1

Else
e1 inherits the frequencies of Cj of p1

e2 inherits the frequencies of Cj of p2

End If 

Algorithm 7.2. Crossover algorithm

Crossover has a rather large impact on the quality of the two solutions produced. 
If the local exchanged zone is intrinsically coherent in the two individual offspring, 
the border between this zone and the rest of the network is very disrupted. It gives 
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the systematic production of interference on the border of the zone between the set 
of cells SetCi and the cells of the rest of the network on the periphery of the local 
zone. If the interference criteria for the reference set are relatively simple to 
establish in our case, the size of this set is an element that must be parameterized 
according to the problems to be treated. Indeed a set that is of small size in 
comparison to the complete network will only have a slight impact on the crossover; 
the initial solutions risk being rapidly reconstituted by blocking perturbations 
brought to the cells in the rest of the network. In this case we must consider a 
recursive procedure on SetCi and select jammed cells of the second  rank in relation 
to Ci. According to this principle, an appropriate solution consists of extending the 
recursive selection until a significant proportion of cells in relation to the set of 
network cells is obtained, thus giving to the imported zone a chance to impose an 
external redevelopment if it has a good intrinsic quality. 

The evolutionary algorithms presented have been applied on very large networks 
(more than 3,000 stations). They give a quality solution in a few minutes that, 
although suboptimal, is much better than custom-made engineering methods. In the 
last ten years the problem of frequency assignment has generated numerous 
academic studies. Today optimization algorithms founded on metaheuristics are the 
basic element of decision-making in the services of frequency planning for the 
majority of GSM mobile radio network operators in the world.

7.8. Conclusion 

We have presented in this chapter some important optimization problems in 
telecommunications networks:  

 concerning fixed networks, determination of the topology and the optimal 
capacities of the principal network, and the dimensioning of reserve capacities,  

 concerning mobile radio networks, antenna positioning and configuration to 
define cellular topology and frequency assignment. 

We have seen that even for the academic problems presented here (the models 
presented do not fully reply to operational needs), the algorithms used can be 
particularly varied and complex. For difficult problems like determination of 
network topology, for fixed networks as well as for cellular networks for which the 
problematic is quite distinct, we have seen that the use of greedy heuristics and 
metaheuristics, such as simulated annealing, evolutionary algorithms or tabu search, 
allows us to rapidly obtain efficient solutions. For another class of problems, like the 
calculation of minimum cost reserve capacities that is perhaps a little less difficult, 
the evolution of solution techniques (today we have good linear programming 
solvers in continuous or mixed variables) and means of computing (low-cost 
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powerful desk computers) enable the exact solving of instances of large sizes that 
are representative for operational situations. The same goes for the problem of 
frequency assignment; several models are applicable offering different degrees of 
precision in relation to the real problem, from the model based on restricted set T-
coloring to the one that maximizes the quality of service and remains to be invented. 
For this problem, several solving methods have been tested and compared on diverse 
benchmarks that are more or less close to reality. 

By limiting ourselves to network optimization in this chapter, we are still quite 
far from a completely satisfying outcome. Numerous points remain open; we can 
mention and non-exhaustively cite, for example:  

 simultaneous optimization of dependent problems which are currently treated 
separately because of their complexity; for example, optimization of topology and 
dimensioning of nominal and reserve capacities on fixed networks or optimization 
of cellular topology and frequency assignment; 

 optimization of multicriteria problems under constraints, such as antenna 
positioning, that are still very widely treated by aggregation of the criteria to 
optimize, and because of this do not enable interactive decision-making which is, 
however, indispensable in order to experimentally determine the domains of validity 
of the acceptable solutions. 

Finally, many other network optimization models have not yet succeeded in a 
satisfactory manner so as to be usable in practice. That is particularly the case 
concerning the models for optimization of multi-wavelength optical networks that 
can use particular rings structures, or the optimization models for data networks with 
service quality constraints and/or with uncertain traffic demands. It is still the case 
for UMTS mobile radio networks whose deployment is made on the existing GSM 
network, thus posing cooperation/competition problems between the communication 
layers that could be mutually transferred according to the load and the services. 
Further, future network optimization models should integrate pricing and 
competition aspects as well as dimensioning aspects. That will certainly add a 
supplementary level of difficulty to telecommunication network optimization, which 
is a problem in perpetual evolution. 
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Chapter 8 

Mission Planning for Observation Satellites

8.1. Introduction 

We will study the planning problem for image acquisition made by a satellite in 
orbit for observation of the Earth. Satellite users emit image requests. To satisfy 
these, the satellite takes photographs of strips of ground with the help of a high 
resolution visible optical camera. As it turns around the Earth (a complete circuit is 
an orbit), and because of the rotation of the Earth, it is capable of photographing 
every point of the globe at different instants. Furthermore, it can photograph any 
strip from one or several orbits. The time necessary for a photograph of a strip is 
known since it depends on the speed of the orbiting satellite (which is constant) and 
the length of the strip. The start date of a strip photograph thus depends on the orbit 
from which it is realized and, given an orbit, this date must be chosen in an interval. 

As it often happens that the totality of the images requested cannot be realized, 
planning a set of photographs comes down to choosing a start date for a subset of 
photographs, so as to satisfy a maximum number of requests while respecting the 
two following constraints: the camera takes at most one photograph at each instant, 
and a transition delay must be respected between any two consecutive pictures (this 
delay depends on the dates the pictures are taken). 

From this general planning problem, we can distinguish two cases:  
(i) the images can be photographed in several time windows; 
(ii) each image can be realized in at most one time window.  
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In case (ii) each image can be realized from at most one orbit which, in our 
context, is verified when the planning horizon chosen is very short (approximately 
equal to a day). Since each orbit realizes distinct images, the problem of short-term 
planning comes down to a subset of problems independent of planning in an orbit. 
The problem of determining an orbital plan maximizing the number of images 
realized is called the problem of selecting the Maximum Shot number in an Orbit 
(MSO). On the other hand, case (i) corresponds to the choice of a more distant 
planning horizon. In this context, each image can be realized from several orbits. 
The problem of determining a middle- or long-term plan that maximizes the number 
of images realized is called the problem of selecting the number of Maximum Shots 
(MS). The objectives for MS and MSO are not similar: for the first, it is a case of 
arbitrating in time the realization of images, which means assigning an orbit to each 
image chosen; for the second, it is more the fine and precise optimization of the 
capacities of the satellite that is sought. These two problems have been studied in 
various contexts by numerous authors [BEN 96, FAB 92, FUC 90, GAS 89, MOO 
75, TES 88, VAS 01]. 

The originality of the proposed approach is to study simultaneously MSO and 
MS by proposing a unique model for these two problems. Our model is based on a 
discretization of the set of possible start dates to realize each image. Given an 
instance of MSO or MS, the model first consists of defining a discrete set of shots 
for each image: one shot for an image represents the possibility of taking a 
photograph of the corresponding strip at a given instant. Let us now note that for 
MSO the discretization must be “fine”, while for MS a “rough” discretization 
suffices. In the set of the shots retained, three binary relations are then defined. 
These relations describe the possibilities for a pair of shots both belonging to the 
same plan. From the set of shots and binary relations, three graphs are constructed. 
On this base, MSO and MS can be formulated by using concepts from graph theory. 
The properties of these graphs define efficient algorithms to solve MS and MSO. 

Concerning MS, it is shown that the resulting combinatorial problem cannot be 
solved precisely in an acceptable time. We must thus content ourselves with 
approximate solutions (at least for instances of realistic size). In consequence, we 
first propose several approximate algorithms to obtain these solutions, and then an 
algorithm to calculate an upper bound of the optimal value of the problem in order to 
evaluate the quality of the approximate solutions found. Concerning MSO, we 
propose an algorithm that operates on one of the graphs mentioned previously. The 
shots plan thus rapidly obtained is not necessarily optimal because of discretization. 
To determine the impact of discretization and more generally the relevance of our 
model, we must compare these approximate solutions with the solutions exhibited 
without a preliminary phase of discretization. Two other algorithms, taking into 
account the totality of the set of continuous start dates for each image, are 
constructed as follows: one is exact but can only solve in an acceptable time 
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instances of small size; the other is approximate and can treat instances of realistic 
size.

This chapter is organized in the following manner: in section 8.2, we describe the 
production capacities of the satellite considered and we present the preceding works 
dealing with MS and MSO; in section 8.3, we present the model proposed for MS 
and MSO; in section 8.4, we define our approach and algorithms for MS and MSO; 
finally, in section 8.5, we describe the numerical experiments. To facilitate reading 
this chapter, a certain number of technical proofs have voluntarily been omitted. The 
interested reader can find them in [GAB 01]. 

8.2. Description of the problem of planning satellite shots 

8.2.1. Context: image acquisitions – constraints of the satellite used 

We consider a satellite circling the Earth in quasi-circular orbits (north-south) at 
an altitude of 800 kilometers with a speed of 7 km/s. The duration of an orbit is 
about 100 minutes. The camera on the satellite takes photographs of strips, at most 
one each instant. Each band has a width of 60 km and a length between 70 and  
700 km. This camera is visible optical, that is, unusable at night or in a cloud cover. 
An orbit is composed of a half-orbit in the daytime when the satellite is “active”, 
followed by a half-orbit at night when it is not. The camera can change its imaging 
axis in two independent directions, one “north-south”, called pitching, and the other 
“east-west” called rolling (see Figure 8.1).  

Figure 8.1. Movement of the satellite shot axis: “north-south”  
for pitching and “east-west” for rolling 
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The imaging axis can move simultaneously by rolling and pitching. Each of 
these movements is measured by the angles in degrees (Figure 8.2). Thanks to its 
rolling motion, the imaging camera can photograph points of the Earth belonging to 
a 900-km-wide band, centered on the satellite’s trace to the ground. Due to its 
pitching movement, a given point on Earth can be photographed from a particular 
orbit at different instants belonging to a continuous interval. Thus, the satellite can 
photograph a point on Earth before or after being exactly above it.  

Figure 8.2. Rolling and pitching angles 

The satellite users emit imaging requests by specifying the quality desired 
(resolution, luminosity, cloud cover, etc). Given the production capacities, an image 
can be made in different ways: from several orbits (the rolling angle of the desired 
axis is induced for each of the orbits) and, for a given orbit, at different start dates 
(the pitching angle of the desired axis is induced for each date). The quality of the 
image depends on the rolling and pitching angles with which the photograph of the 
corresponding strip was taken. Thus, for each image k are defined its duration of 
realization, noted gk, a discrete set { k} with possible rolling angles and, given a 
rolling angle, a possible interval with pitching angles, noted [ k , k ], that satisfies 

the client’s demand for quality. Note that k  is the front maximum pitching angle 

to photograph the corresponding strip and k  is the rear maximum pitching angle. 
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define the values of the end dates as follows: the earliest end date fkt  is given by 

kdkfk gtt  and the latest end date fkt  is given by kdkfk gtt .

For an image k, a shot xi is equivalent to a start date to photograph k from a given 
orbit. Thus, xi is characterized by a rolling angle 

ix , a pitching angle 
ix (or 

similarly, a start date noted 
idxt ) and a duration of realization 

ixg . Note that the 

duration of realization is specific for image k, kx gg
i

.

8.2.2. Problems studied 

Given a set of requested images and their associated shot, a sequence of shots is
feasible if: 

– at most one shot is realized at each instant, 

– the time between two consecutive shots is sufficient to move the desired axis. 

Given two shots xi and xj, the time 
ji xxa required to pass the rolling and pitching 

angles of xi, to the corresponding angles of xj, is called transition time and can be 
correctly approximated in the following manner: 

,),(),,(max
jijiji xxxxxx tta  with

jiji xxxxt 1),(  [8.1] 

jiji xxxxt 1),( [8.2] 

In equations [8.1] and [8.2], , ,  and  are positive constants (  and are
expressed in degrees per second,  and in seconds). We consider that the rolling 
and pitching angles are constant during shot. This hypothesis is non-restrictive and 
lets us simplify the model. 

An important characteristic of the satellite is relative to the fact that the same 
strip cannot be photographed twice consecutively during the same orbit because of 
pitching limits, transition times and minimum realization times of image acquisition.  



240      Operations Research and Networks 

In MS the images can be made from different orbits. Thus, each image is 
associated with a non-enumerable set of shots characterized by different rolling and 
pitching angles. MS implies a choice in at most one rolling and pitching angle per 
image to define a feasible sequence of shots that satisfies a maximal number of 
requests.  

In MSO the images can be realized from only one orbit. Thus, each image is 
associated with a continuous set of shots having the same rolling angle and different 
pitching angles. MSO implies choosing at most one pitching angle per image so as 
to define a feasible orbital shot sequence including a maximal number of images.

MS and MSO have been studied separately by numerous authors [BEN 96, FAB 
92, FUC 90, GAS 89, MOO 75, TES 88, VAS 01] in various contexts.  

Concerning MSO, the problem of determining an orbital shot sequence can be 
considered as a problem of sequencing particular to a machine with time windows 
and transition times dependent on the start dates of the tasks. This problem is known 
to be NP-complete and numerous authors have studied it (for the state of the art, see 
[GOT 93]). Let us nevertheless emphasize the work of [MOO 75] who specifically 
studied the problem that concerns us. However, the hypotheses of his problem differ 
from ours since he considers that the transition times depend on the shots, while in 
our case, the transition times depend on image acquisition (that is, the start dates 
chosen to realize these images). More recently, the problem of planning the shot at 
short-term from the Earth observation satellite SPOT5 gave rise to different studies 
[BEN 96, VAS 01]. It was a matter of finding an orbital shot sequence, but the 
resulting combinatorial problem is different in the sense where SPOT5 has three 
imaging cameras, two visible optical cameras and a radar without pitching capacity. 
Bensanna et al. propose two exact methods to solve the problem: the first based on 
integer linear programming, and the second on constraint programming. Vasquez 
and Hao use a metaheuristic to solve the problem in an approximate manner.  

MS can be seen as an extension of MSO and, in this sense, it presents at least the 
same difficulties. The principal studies relative to MS were carried out by [GAS 89] 
and [TES 88]. The authors use, in both cases, artificial intelligence methods to solve 
in an approximate manner MS for satellites having only rolling capacities: networks 
of neurons for Gaspin and sequencing methods with “intelligent” backtracking for 
Tessier-Badie. 

In the context of satellites having an imaging camera provided with pitching and 
rolling capacities, we propose a unique model for MS and MSO. This model is 
based on a discretization of the continuous set of shots for each picture. That lets us 
work on an enumerable sub-set of shots. In addition, the remarkable properties of 
this model let us propose efficient algorithmic solutions. Concerning MS, we 
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propose algorithms giving a feasible solution whose quality has been evaluated. 
Concerning MSO, it has been shown that the problem can be solved very easily with 
this model. However, this model requires a discretization that is not without impact 
when we try to finely optimize the satellite use (which is the case in MSO). To 
evaluate this impact, another model has been introduced in which all the possible 
start dates for each image are taken into account. By comparing the solutions 
obtained with each of these approaches in different instances, the consequences of 
the discretization are precisely measured.

8.3. Models and formulations of induced combinatorial problems  

Let P ( P =n) be the set of images to be realized. Each image i is associated with 
a set i of shots. We will call X the non-enumerable set of shots defined by: 
X=

Pi i .

We define two binary relations on X X, called enchainability and conflict,
noted respectively A and C. A pair of images (xi, xj) belong to A if and only if xj can 
be realized after xi, while (xi, xj) belongs to C if and only if (xi, xj) A and (xj, xi) A.

DEFINITION 8.1. A and B are sets: 

AxxAxxXXxxC

agttXXxxA

ijjiji

xxxdxdxji jiiij

),(),(:)(,

:)(,
 [8.3] 

PROPOSITION 8.1. The relation of enchainability A is anti-symmetric and transitive. 
The relation of conflict C is symmetric and anti-transitive.

PROOF. For the anti-symmetry, we must show that if (xi, xj)  A then (xj, xi) A.
However,  

(xi, xj) A
jiiij xxxdxdx agtt

(xj, xi)  A 
ijjji xxxdxdx agtt

which implies, if we add the two preceding inequalities: 

0
ijjjii xxxxxx agag
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This inequality cannot be verified since each of the terms is strictly positive. 
Thus, if (xi, xj)  A then (xj, xi) A.

To prove the transitivity of A, we must show that if (xi, xj)  A and if (xj, xk)  A
then (xi, xk) A. This is easily shown by expressing the relation of enchainability for 
the first couples according to the expression of times of transition given in section 
8.2.2. 

The capacities of satellite image acquisition are such that two distinct shots of 
the same image having the same rolling angle (that is, realized from the same orbit) 
cannot belong to the enchainability relation. On the other hand, two shots realized 
from two distinct orbits are always enchainable (because of the alternation of half-
orbits of day and night).  

Our model consists of choosing a discrete subset V from X so as to have in V the 
same number of shots for each image from each orbit. We thus define the relations 
of enchainability and conflict in V V. For each relation we classically construct the 
graph representing it: each element of V corresponds to a vertex in the graph, and 
each element (v, w) belonging to the relation is represented by the arc (respectively 
the edge) (vw) if the relation is anti-symmetric (respectively symmetric). In what 
follows, we call these graphs by the name of the relation that they represent and we 
write them Gi=(V ;Ei), where i  {A, C}. As C is symmetric, the associated graph 
GC=(V ;EC) is non-oriented. According to Proposition 8.1, the graph associated with 
A is oriented and acyclic.  

It is clear that every feasible shot sequence is represented by a path in GA. The 
vertices belonging to a path in GA correspond to a subset S of V so that 

Cjiji ExxSSxx  ,, . Thus, each set S of vertices constituting a path in 

GA equally forms a stable set in GC. Reciprocally, each stable set in GC represents a 
feasible shot sequence since the vertices of a stable set represent a set of shots all 
enchainable two by two. 

When the graphs considered represent an instance of MSO, each path in GA

corresponds to a feasible orbital shot sequence (with at most one shot per image). 
Thus, solving an MSO instance consists of determining a longest path in GA.

When the graphs considered represent an instance of MS, a path in GA (or 
equivalently, a stable set in GC) corresponds to a feasible shot sequence, but this 
sequence can contain several shots of the same image. To model the necessity of 
selecting at most one shot per image, we must introduce a third binary relation in 
V V called the exclusion relation, denoted E: a pair of shots belong to the exclusion 
relation if these shots let us photograph the same image. 
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DEFINITION 8.2. E is the set:  

kjiji xxPkVVxxE ,,:, [8.4] 

We can easily see that E is symmetric and transitive.

We construct the non-oriented graph GE=(V ;EE), associated with the binary 
relation E. A sequence of feasible shots including at most one shot per image 
corresponds to a stable set at the same time in GC and in GE. Consequently, to solve 
an instance of MS we must determine a stable set of maximal cardinality in the 
graph G=(V ;EC EE).

EXAMPLE 8.1. Let us consider 4 image requests d1, d2, d3 and d4 feasible in three 
distinct orbits: d1 is feasible from orbits 1, 2 and 3; d2, d3 and d4 are feasible from 
orbits 2 and 3. In addition, d1 cannot be realized from the same orbit as d2, d2 from 
the same orbit as d3 and d4, and d3 from the same orbit as d4. There exist nine 
shots: shots x1, x2 and x6 allow us to realize d1 in orbits 1, 2 and 3 respectively, x3
and x7 for d2 in 2 and 3 respectively, x4 and x8 for d3 in 2 and 3, and x5 and x9 for d4 
again in orbits 2 and 3. In Figure 8.3 first the orbits and the four strips to photograph 
are represented, and then the associated graph G. In graph G, a possible stable is 
constituted of the vertices x1, x3 and x8, which correspond to realize the request d1 
from orbit 1, d2 from orbit 2, and d3 from orbit 3. 

Figure 8.3. Graph G associated with an MS instance 

By working on these graphs, the solutions obtained are approximate because of 
the discretization, and their quality will depend on the level of discretization. To 
validate the approach used, it is necessary to compare it to another solution taking 
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into account the continuous shot set. For that, we must introduce certain concepts no 
longer concerning shots, but images, that is, the continuous intervals of the shots.  

It is sufficient to make this comparative study for MSO, insofar as the results are 
directly transposable to MS. Thus, following this section we will consider a set P of 
images to realize in the same orbit.  

Starting with the relation A, we introduce another relation defined in P P, called 
compatibility, noted K: a pair of images belong to the relation of compatibility if 
there exists a pair of shots, one per image, belonging to the enchainability relation. 

DEFINITION 8.3. Let K be the set:

AxxxxjiPPjiK vujviu ),(,,:  with,  [8.5] 

PROPOSITION 8.2.  K is anti-symmetric, non-transitive and non-reflexive.

PROOF. The anti-symmetry and the non-reflexivity derive from hypotheses made 
about the capacities of the satellite. It remains for us to demonstrate the non-
transitivity. Given three images h, i and j, so that (h,i) K and (i,j) K, let us 
suppose, without loss of generality, that there exists only one shot hux  and 

only one shot ivx  so that (xu,xv) A, and that there exists only one shot 

ivx '  and only one shot jwx  so that (xv’,xw) A. If 
vv dxdx tt

'
, then the 

shot sequences (xu xv xw) and (xu xv´ xw) are not feasible. In consequence, (h,j) K and 
there exists no feasible shot sequence that allows us to realize images h, i and j.

In fact K can be decomposed into two relations, one transitive, called strong 
compatibility, noted KS, and the other non-transitive, called weak compatibility and
noted KW.

DEFINITION 8.4. Let Ks and Kw be the sets:

AxxxxPPjiK vujviuS ,,,:,

AxxxxKjiPPjiK vujviuW ,,,,:, [8.6] 

Thus, each set of images (i1,…, ip) so that ij KS ij+1, for j=1,…,p-1, induces the 
existence of a sequence of feasible shots that allows us to photograph these p
images. 
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Based on these relations, we define the compatibility graph GK whose vertices 
represent the images of P, numbered according to their geographical position in the 
direction “north-south”, plus two vertices noted s and e, that correspond respectively 
to the start and the end of the orbit. The arcs of GK represent the relations of strong 
and weak compatibility. Notice that according to the properties of K, the graph GK is 
without circuit. In addition, each path in GK is not necessarily associated with a 
feasible sequence of shots. Example 8.2 below illustrates a graph GK.

EXAMPLE 8.2. We consider the instance of MSO described in Table 8.1, so that 
=50s, =50s, =0.017rad/s and =0.017rad/s.  

Image number 1 2 3 4 
Earliest start date 0 50 170 250 
Earliest pitching angle 0.21 0.35 0 0.07 
Latest start date 48 146 170 266 
Latest pitching angle -0.21 -0.49 0 -0.07 
Rolling angle 0.1 -0.3 0.5 0.2 
Duration of realization 40 100 10 30 

Table 8.1. An instance of MSO 

We thus obtain the following graph GK:

Figure 8.4. Graph GK associated with an instance of MSO

s

1

e
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2

: arc representing weak compatibility  
: arc representing strong compatibility forte 
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8.4. Algorithms for MS and MSO 

To treat combinatorial problems induced by MS and MSO, we propose some 
approximate and exact algorithms with two objectives: obtain feasible solutions in 
an acceptable time, and evaluate the quality of the approximate solutions obtained. 

8.4.1. Solving MS  

It has been shown in section 8.3 that solving MS means determining a stable set 
of maximal cardinality in G=(V ;EC EE). The maximal cardinality of a stable set is 
called the stability number. For the graph G=(V;EC EE) not presenting any 
particular remarkable properties, the problem of determining a stable set of maximal 
cardinality in G is NP-hard. In consequence, the approach followed consists of first 
developing an approximate algorithm to determine in acceptable time a maximal 
stable set (in the sense of inclusion), and also to calculate an upper bound of the 
value of the optimal solution to evaluate the quality of the approximate solution 
obtained.  

Different algorithms can be envisaged to determine a maximal stable set. Those 
inspired by greedy heuristics are the most classical. Others can be conceived on the 
base of the following property ([BER 73]). 

PROPERTY 8.1. If (H) designates the minimal number of cliques constituting a 
partition into cliques of the vertices of any graph H, and (H) the stability number 
of H, then:

(H) (H). [8.7] 

The determination of a minimal partition into cliques of V in G presents a double 
interest: 

– on the base of this partition, a maximal stable set can be constructed by 
selecting in each clique at most one vertex (by obviously taking care to never obtain 
two adjacent vertices); 

– the cardinality of this partition gives an upper bound of the stability number. 

The problem of determining a minimal partition into cliques is a problem as 
difficult as that of determining a maximum stable set. However, graph G,
constructed as the union of GC and GE, presents important properties for this 
problem that we mention below. 

PROPOSITION 8.3. It is possible to determine in polynomial time a minimum partition 
into cliques of V in GE.
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PROOF. By construction, the exclusion graph GE is constituted of a collection of 
cliques that are two by two disjoint.  

PROPOSITION 8.4. It is possible to determine in polynomial time a minimum partition 
into cliques of V in GC.

PROOF. Let us first remember some definitions and results.  
The complementary graph, noted );( ENH , of a graph );( ENH is

defined as follows: 

EijEijEijEijjiithNNji )()(et  )()(,w),(

The problem of minimum coloring of the vertices of a graph H is to attribute a 
color to each of its vertices so that no two vertices connected by an edge have the 
same color, and the total number of distinct colors attributed is minimal.  

It is evident that, in any graph H, a minimum partition of its vertices into cliques 
corresponds to a minimum coloring in its complementary graph H  (it suffices to 
attribute the same color for a minimum coloring to the vertices belonging to the 
same clique of the minimum partition).  

A graph );( ENH is a comparability graph if and only if it is possible to 
orient its edges (that is, to pass from a non-oriented graph to an oriented graph) to 
obtain a graph representing a transitive relation.  

It turns out that the minimum coloring problem is polynomial in comparability 
graphs [EVE 72].  

Now, the complementary graph of GC, is a comparability graph. In effect, if we 
transform the transitive oriented graph GA into a non-oriented graph, we obtain 
exactly the complementary graph GC.

Consequently, the problem of minimum partition into cliques of V in GC can be 
solved in polynomial time by determining a minimum coloring in its complementary 
graph. 

PROPOSITION 8.5. Any clique of G is a clique of GE or a clique of GC.

PROOF. A clique of G that is neither a clique of GC nor a clique of GE necessarily 
contains one of the two subgraphs (1a) or (2a) in Figure 8.5. 
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Figure 8.5. Cliques in G

In the subgraph (1a) we have: (xixj) EC and (xixk), (xjxk) EE. As the exclusion 
relation is symmetric and transitive, (xixk) and (xjxk) in EE implies (xixj) in EE (we 
then get the subgraph (1b)).  

In the subgraph (2a), we have (xixj), (xixk) EC and (xjxk) EE. Since (xixj)
belongs to EC, xi and xj represent two feasible shots in the same orbit, it is the same 
for xi and xk. Consequently, xi, xj and xk represent three feasible shots in the same 
orbit, and as xj and xk are two shots that allow us to realize the same image, (xjxk) is 
necessarily an edge of the conflict graph (we then end up with subgraph (2b)).  

G can thus not have as a subgraph either (1a) or (2a). 

PROPOSITION 8.6. Let Li be a clique of GE belonging to a minimum partition into 
cliques of V on G noted L; it is always possible to add vertices in Li so that it 
becomes maximal in GE without destroying the minimality of L. 

PROOF. Let Li
E be a maximal clique of GE so that Li Li

E. Suppose without loss of 
generality that Li = Li

E \ {xj,xk}. Since L is minimum and because of the very 
particular structure of GE, xj and xk cannot form the same clique of L; xj and xk thus 
belong necessarily to two distinct cliques formed by the edges of the conflict graph; 
let us note these cliques Lj

C and Lk
C. Consequently, it is possible to exclude xj and xk

from Lj
C and Lk

C respectively and to add them in Li without changing the cardinality 
of L.
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Propositions 8.5 and 8.6 enable us to affirm that there exists a minimum partition 
in cliques of V in G that contains either only cliques of GC, or only maximal cliques 
of GE, or both. It is a partition of this type (not necessarily minimum) that we 
propose to determine in polynomial time.  

The algorithm proposed to determine a partition into cliques of V in G is done as 
follows. At initialization, this algorithm determines a minimum partition in cliques 
of V in GE, noted LE = {L1

E,.., Ln
E } (for each i, the vertices of Li

E represent all the 
shots to realize the image request i). We note W a set of vertices included in V,
GC(W) (respectively GE(W)) the conflict subgraph (exclusion subgraph, respectively) 
engendered by W and, LC(W) (respectively LE(W)) the minimum partition in cliques 
of W in GC(W) (respectively in GE(W)). At initialization, W contains all the vertices 
of V. Then at each iteration we calculate LC(W) with the help of the procedure clique 
applied to GC(W). If LC(W) does not contain a clique of cardinality 1 (called 1-
clique), this iteration is the last and the partition of V in G retained, noted L, and is 
constituted of the cliques LC(W) and the cliques LE(V\W). If not, for each of the 1-
cliques of LC(W), if the vertex that constitutes it belongs in LE to a clique of size 
greater than 1, say Lj

E is such a clique, we exclude the vertices Lj
E from the set W.

When all the 1-cliques have been treated, if W has not been modified, this iteration is 
the last and L is constituted in the same way as previously; if not we go on to the 
following iteration. At the end of the last iteration, we retain as partition in cliques of 
V in G the partition of the smallest cardinality between L and LE.

The clique procedure applied to a graph H, complement of a comparability 
graph, determines a minimum partition of its vertices in cliques. For that it uses the 
algorithm presented in [EVE 72] to color the vertices of a comparability graph in a 
minimum number of colors. 

Algorithm 8.1, presented below, has a complexity of O(n|V|2). In effect, at each 
iteration, the step necessitating the most elementary operations is relative to the 
determination of a minimum partition in cliques of W in GC(W) with the help of the 
clique procedure. The time necessary for clique to find a minimum partition in 
cliques of the vertices of a graph of order k is in O(k2) [EVE 72]. If in the worst case, 
n iterations are effected, that is, at each iteration a particular clique of GE is excluded 
from W, the algorithm proposed exhibits a partition in cliques in a time in O(n|V|2).



250      Operations Research and Networks 

Start
W V

 LE {L1
E,.., Ln

E } 
While W do

LC(W) clique(GC(W)) 
W
For each Li

C LC(W) do
    If |Li

C| = 1 then
    Let Lj

E be as Li
C Lj

E

    If |Lj
E| > 1 then

     W W Lj
E

    End If 
   End If 

End For 
If W =  then

   L LC(W) LE(V\W)
   W

Else
   W W \ W

End If 
End While 
If |L|  |LE| then

L LE

End If 
End

Algorithm 8.1. Approximate algorithm of partition in cliques

To determine a maximal stable set in G, we have compared three distinct 
approximate algorithms. These three algorithms determine three stable sets, S1, S2
and S3, in a greedy manner with the help of different heuristics. 

The first algorithm, A1, is a classical algorithm. We note T the set of the vertices 
that could belong to a stable set. At initialization of A1, T is constituted of all the 
vertices of V. Then at each iteration, the vertex of the smallest degree in G(T) (the 
subgraph of G engendered by T) is selected to belong to S1, and all the vertices 
adjacent to the selected vertex are excluded from T. A1 terminates when T is equal to 
the empty set. 
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The second algorithm, A2, functions equally on a greedy principal. The heuristic 
used is related to the particularities of G constructed as the union of two graphs: the 
exclusion graph and the conflict graph. At initialization, T is constituted of all the 
vertices of V. And, at each iteration, we augment S2 by the vertex i that, among the 
vertices of T having the smallest degree in GE(T) (the exclusion subgraph 
engendered by T), has the smallest degree in GC(T) (the conflict subgraph 
engendered by T). Then, we eliminate from T all the vertices adjacent to i. A2
terminates when T is equal to the empty set. 

The third approximate algorithm, noted A3, constructs S3, by selecting at most 
one vertex in each clique of L (remember that L is the partition in cliques of the 
vertices of G found with the help of Algorithm 8.1) so as to never retain two 
adjacent vertices. At initialization, T is constituted of all the vertices of V. As long as 
T is different from the empty set, at each iteration, we select the vertex i from T that 
has, within the clique of the smallest cardinality, the smallest degree in G(T), and we 
exclude from T the vertices adjacent to i. We notice that if S3 has the same 
cardinality as L, S3 is a maximum stable set and L a minimum partition.  

These different algorithms enable us to solve MS in an approximate manner by 
bounding the stability number of G in the following way: 

max {|S1|;|S2|;|S3|} (G)  |L|

8.4.2. Solving MSO in the discrete case 

Since the problem of determining a longest path in an oriented graph without 
cycles is polynomial, each instance of MSO can be solved in polynomial time by 
determining the longest path from s to e in GA (the algorithm used is presented in 
Chapter 2 of this book and in [GON 85]).  

8.4.3. Solving MSO in the continuous case 

It is clear that the quality of the solutions obtained with the algorithms presented 
in sections 8.4.1 and 8.4.2 depends on the level of discretization. In order to evaluate 
this quality we must compare the solutions with others found by considering the 
complete set of shots. 

This comparative work has been conducted uniquely for MSO since the 
conclusions are transposable to MS. As MSO is NP-complete in the continuous case, 
two algorithms are proposed: one is exact but exponential, and the other 
approximate and polynomial. Since these two algorithms are based on the 
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construction of the compatibility graph GK, we will begin by showing that its 
construction is done in polynomial time. 

In the following, we define an orbital sequence of shots either as a list of shots or 
as a list of images that this sequence lets us realize. 

Construction of the compatibility graph 

The topic of this section is to specify how the construction of GK can be realized 
in polynomial time. For that, given any two shots i and j in an orbit, we must 
characterize, which is done in Property 8.2, in which cases (i,j) belong to the relation 
of strong compatibility KS and in which cases (i,j) belong to the relation of weak 
compatibility KW.

DEFINITION 8.5. A state of the satellite is a pair ( , t), where  represents a pitching 
angle and t a date. For an image i, the set of the start states (end states) of i is the 
set of the states of the satellite corresponding to the interval of the start dates (end 
dates) of i. The set of the start states (end states) of i is represented in the plan ( , t) 
by a segment.

We note ))(,( ifiTR tZ  the set of states in which the satellite can be found 

after having realized the photograph of image i with the pitching angle i (at the date 
tf( i)) and the rolling angle i. ))(,( ifiTR tZ  is defined by: 

max,,,,max:,, ifiifiifiTR tttttttZ  [8.8] 

It is then possible to formally redefine the relations of strong and weak 
enchainabilities as follows. Given two images i and j:

(i,j) KS if the set of the start states of j is contained in ))(,( ifiTR tZ ;

(i,j) KW if there exists at least one start state of j in ))(,( ifiTR tZ .

Now, it can be shown that, to determine if the set of start states of j is contained 
in ))(,( ifiTR tZ  we must only test if the earliest start state of j is included in 

))(,( ifiTR tZ . Similarly, to determine if there exists at least one start state of j

in ))(,( ifiTR tZ , we must only test if the last start state of j is in 

))(,( ifiTR tZ . From which we obtain Property 8.2, below.
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PROPERTY 8.2.  
(i,j) KS if and only if the earliest start state of j belongs to 

))(,( ifiTR tZ ;

(i,j)  KW if and only if the latest start state of j belongs to 
))(,( ifiTR tZ .

Property 8.2 is sufficient to show that the construction of GK can be done in 
polynomial time. 

The exact algorithm

Once GK is constructed, we propose an exact algorithm based on a branch and 
bound method to determine the longest path from s to e in GK representing a feasible 
orbital sequence of shots.  

Before presenting it, we will introduce GK , a partial graph of GK obtained by 
suppressing from GK the transitive arcs of the relation of strong compatibility. In 
effect, if there exists k P so that (i,k) KS and (k,j) KS, then that signifies we 
can always execute another image between the realization of i and j. In this case, the 
arc (i,j) of GK is taken off. Thus, to determine an orbital sequence of shots that 
maximizes the number of images photographed, it suffices to work on GK  rather 
than on GK. Graph GK  is illustrated in Example 8.3. 

Let (i) be the set of successors of the vertex i in GK  , and let l(i) be a longest 
path (in the sense of the number of vertices) from i to e in GK  (the vertex i is not 
taken into account in l(i)). Since GK  is acyclic, determining a longest path between 
two vertices in this graph is done in polynomial time. This path then represents an 
orbital sequence of shots that is not necessarily feasible. 

The exact algorithm is based on a progressive exploration of the solution space 
(the set of the feasible orbital sequences of shots), following the branch and bound 
principle. This exploration brings us to define an arborescence, whose root 
represents all the orbital sequences of shots, and each vertex corresponds to a 
particular subset of orbital sequences of shots. A vertex S = (s, i1,…, ik) represents all 
the orbital sequences of shots beginning with the realization of images i1 to ik. The 
evaluation of the vertex S is given by f(S) = k; it represents a lower bound of a 
maximum orbital sequence of shots, of which the k first elements are i1,…, ik. Let f*
= f(S*), where S* is the current solution having the maximum evaluation. At each 
step, we consider a vertex S without successor. We then sort the elements j of (ik)
in decreasing order of the longest path from j to e in GK’ and we obtain 
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),,()(
1 mkkk iii . Thus, S can have m sons 

mkqkk iii SSS ,,,,
1

with

),,,,( 1 qqk kki iiisS . The vertex 
qki

S is conserved in the arborescence if it is 

possible to successively realize the images i1,…, ik and 
qki , that is, if there exists a 

sequence of feasible image acquisitions that allows us to take the set of 
photographs ),,,( 1 qkk iii  ; if not, the vertex 

qki
S is taken off. 

To avoid the exploration of all feasible solutions, we associate with each new 
vertex S = (s, i1,…, ik) created, an upper bound for the number of images that can be 
taken. This upper bound is defined by w(S) = k+l(ik). Thus, each vertex S as 
w(S) < f* induces a sub-arborescence that will not need to be explored. If 
f(S) = w(S), S is a leaf of the search tree. 

The branch and bound algorithm begins by creating the vertices of the 
arborescence according to a depth-first strategy to obtain a first f*. Then it returns to 
the father of the vertex S* in order to visit its brothers (in decreasing order of the 
corresponding values w). If one of the vertices recently visited has a value f such that 
f > f*, then f* is updated. All the sub-trees rooted at the vertex S’ such that w(S’) < f*
are cut. 

The critical point of this algorithm is to test whether a set of images 
),,,( 1 qkk iii can be photographed, knowing that the subset (i1,…,ik) represents a 

feasible orbital sequence of shots. In fact, the feasible character of this subset 
induces for each image an eventual reduction of the initial set of start dates. Thus, to 
determine if the image 

qki  is feasible after the sequence (i1,…,ik), we have only to 

determine if 
qki is compatible with the new set of possible start dates of ik. That is 

done by using the result of Property 8.2.

The exact algorithm explores in the worst-case 2n-1 vertices. The calculation time 
augments exponentially with the size of the problem. More precisely, the calculation 
time is a function of the size of the solution: if the maximum orbital sequence of 
image acquisitions is constituted of k images, then the arborescence covered by the 
exact algorithm is in O(2k-1). 

The development of the algorithm by branch and bound is illustrated in Example 
8.3 below. 

EXAMPLE 8.3. We will again take the instance of MSO presented in Example 8.2. 
Starting from the graph GK, we obtain graph GK   illustrated in Figure 8.6.  
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Figure 8.6. Graph GK  associated with an MSO instance 

Following GK , we deduce:  
(s) = {1, 2}, (1) = {2, 3}, (2) = {4, e}, (3) = {4} and (4) = {e}

l(s) = 3, l(1) = 2, l(2) = 1, l(3) = 1, l(4) = 0.

The application of the branch and bound algorithm will generate the 
arborescence in Figure 8.7. 

Figure 8.7. Arborescence generated by the exact algorithm
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From root s, two sons (s,1) and (s,2) are created whose upper bounds are 3 and 2 
respectively. At this stage f* is equal to 1. The exploration continues to leave from 
(s,1) because it is the vertex without successor having the best upper bound. Two 
sons are created: (s,1,2) and (s,1,3) and f* is equal to 2. Concerning (s,1,2), as no 
other image acquisition can be realized after 1 and 2, this vertex is a leaf. The 
exploration starts again in vertex (s,1,3) that only admits one son: (s,1,3,4), and as its 
upper bound is equal to its evaluation, this vertex is also a leaf of the arborescence. 
At this stage, f* is worth 3. There is still vertex (s,2) to explore; its upper bound 
being less than f*, it is useless to continue the exploration from this vertex. The 
optimal solution is thus {1, 3, 4} of value 3. 

Approximate algorithm 

To solve large-size MSO instances, an approximate polynomial algorithm has 
been developed (see Algorithm 8.2). This algorithm operates on graph GK, where we 
associate with each vertex i P\{s, e} the segment D(i) that represents the initial set 
of the start dates for image i and F(i) the set of the end states where the satellite can 
be found after having realized image i. Algorithm 8.2 is based on the following idea: 
knowing the longest feasible path from s to i, of value (i), test for all successors j of 
i if it is more useful to pass by i to obtain a longer feasible path from s to j. Do not 
forget this approach is only possible because GK is without circuit and the vertices of
GK are numbered so that at iteration i, the longest path from s to i is known.  

Start
 For all i P do 

iii
idi tiD

,
)(,)(

))(,()( ifiTR tZiF
End For 
For all i P {e, s} do (i)  0  
End For 
For all i = s, 1,…, |P| do

For all j (i) do 
   If j is feasible after i and If (i) + 1 > (j)
    Then (j) (i) + 1 
     Update D(j) and F(j)
   End If 

End For 
End For 

End.

Algorithm 8.2. Approximate polynomial algorithm to solve large-size instances of MSO 
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Concerning the complexity of Algorithm 8.2, we notice that the vertices GK are 
treated only once, and for each, the algorithm considers all its successors. 
Consequently, the complexity of Algorithm 8.2 is linear in relation to the number of 
arcs of GK (at worst O(n2)).  

The behavior of these algorithms and their effectiveness are analyzed in the 
following section on realistic instances generated randomly.  

8.5. Experiments and numerical results 

8.5.1. Performances of approximate algorithms proposed to solve MS 

A realistic instance of MS is generated by randomly positioning n
(n  {50,100,200,300}) strips to photograph in a region 2,000 km wide by 3,000 km 
long, situated on the equator or 45° latitude. The photographs of these strips can be 
taken during the next 26 days. The parameters adopted are the following: 

– during the next 26 days, the satellite describes 27 orbits where it is possible to 
photograph any point in the region situated at the equator (against 38 in the region 
situated at 45° latitude); ground traces of the orbits are fixed and are about 100 km 
distant at the equator against 70 km at 45° latitude; 

– the strips to be photographed are 70 km in length; 
– the maximal rolling angle i authorized to photograph the strip i is chosen 

randomly in the interval [0, 30°]. Thus, image i can be realized with any rolling 
angle included in the interval [- i, i];

– only a pitching angle equal to 0° is allowed to photograph the strips 
– concerning the displacement speed of the image acquisition axis, we put: 

= =50s, and = =1°/s.

For an instance, knowing the localization of the n images to realize and the 
interval of the rolling angle authorised to photograph each of them, it is possible to 
enumerate the set of image acquisitions to realize during the next 26 days. Notice 
that, everything else being equal, the number of image acquisitions is higher when 
we localize the strips in the region at 45° latitude rather than at the equator. 

700 instances of MS have been randomly generated. Each of these instances is 
represented by a graph G. The order of these graphs (the number of vertices) varies 
from 194 to 1,460, and is, on average, 756. The mean density of these graphs 
(number of edges divided by the number of vertices in a graph) is 8, the weakest 
density is 3, while the strongest is 15.5.  
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In each of these graphs S1, S2, S3, and L are determined. The execution times of 
the algorithm that allow us to determine L are very weak since they vary from zero 
to five minutes.  

Table 8.2 presents, according to the number of images requested, the mean, 
maximal, and minimal values of the following ratio:  

L

Sii 3,2,1
max

 [8.9] 

These results allow us to conclude that partitioning in cliques determined by 
Algorithm 8.1 lets us bound in a very satisfactory manner the stability number of the 
randomly generated graphs. The mean value of the lower bound for (G) compared 
to the upper bound of (G) in all the instances considered is 0.945. 

n = 50 n = 100 n = 200 n = 300 
Mean 0;997 0.938 0.9 0.945 
Maximum 1 1 0.992 0.985 
Minimum 0.94 0.837 0.819 0.891 

Table 8.2. Mean, maximum and minimum values of [8.9] 

Table 8.3 presents the mean, maximum, and minimum values of the following 
ratios: 

L

S
rndi

L
S

r
iii

i
3,2,1

4

max
 a 3,2,1 . [8.10] 

We notice that the ratio r3 is on average higher than r1 and r2. This result is 
interesting because A3 is the algorithm that most “exploits” the properties of the 
model to find solutions. However, it remains preferable to use the three algorithms 
to find three distinct stable sets to retain the stable set of maximum cardinality. 
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r1 r2 r3 r4

Mean 0.937 0.93 0.941 0.945 
Maximum 1 1 1 1 
Minimum 0.819 0.8 0.797 0.819 

Table 8.3. Mean, maximum and minimum values of [8.10]

The results of these numerical experiments are thus very satisfying: they 
highlight the effectiveness of the proposed algorithms to manage the stability 
number in a graph, and thus obtain an approximate solution close to the optimum.  

8.5.2. Performances of approximate algorithms proposed to solve MSO 

Realistic instances of MSO are randomly generated by random positioning of a 
set of strips to photograph during a quarter of an orbit. The parameters adopted are 
the following: 

– the strips (70 km long) to photograph are localized randomly in a zone 900 km 
wide by 10,000 km long centered on the satellite’s ground trace; the position of a 
strip in such a zone induces the rolling angle of the desired axis necessary to realize 
the image; 

– with each strip is associated a maximum front pitching angle chosen randomly 
in the interval [0, 30°] (the rear maximum pitching angle is then its opposite); 

– the displacement speed of the image acquisition axis is chosen as in section 
8.5.1.  

Following these parameters, we randomly generate 100 graphs GK of order 102 
where we test the approximate Algorithm 8.2. The maximum degree in these graphs 
belongs to the interval [32, 47], with a mean degree 38.53. The density of each graph 
belongs to the interval [18.54, 25.82] and its mean value is 21.61. The maximum 
degree of weak compatibility arcs belong to the interval [16, 27] while the maximum 
degree of strong compatibility arcs is in [19, 29]. The mean densities concerning the 
weak compatibility arcs and the strong compatibility arcs are respectively equal to 
9.99 and 11.61. For the set of these data, the solutions obtained have cardinalities 
varying from 13 to 17 images. For each of these graphs we have applied the exact 
algorithm and Algorithm 8.2. 

The performances of Algorithm 8.2 are satisfactory. The mean approximation 
ratio defined by the cardinality of the approximate solution divided by the 
cardinality of the exact solution has a value of 0.939. At the minimum, it is equal to 
0.818. In addition, in 38% of the cases the optimal solution is obtained. 
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We then compared the algorithms in section 8.4.3 with the algorithm described 
in section 8.4.2 (the discrete case). We randomly generated MSO instances 
characterized by 50, 100 and 200 images (100 instances per case). For each instance, 
we consider three discretizations possible: 

– a single image acquisition for each image i: this image acquisition is realized 
with a pitching angle 0°, inducing a start date noted 0

dit ;

– three image acquisitions for each image i: their start dates are dit , 0
dit  and dit ;

– five image acquisitions for each image i: their start dates are dit ,

2)( 0
dididi ttt , 0

dit , 2)( 0
dididi ttt  and dit .

For each instance, we determine the cardinalities p(i), i = a,b,c of the orbital 
image acquisition sequences obtained by applying the algorithm in section 8.4.2 
with a discretization of type (a), (b), (c) respectively. We determine equally the 
cardinalities p* or p  of the orbital image acquisition sequences obtained either with 
the exact algorithm, or with the approximate algorithm. 

For the instances characterized by 50 images to photograph, we calculate the 
mean, maximum and minimum differences between p* and p(i) with i=a,b,c. The 
results are presented in Table 8.4. 

p*- p(a) p*- p(b) p*- p(c) p*
Mean 1.59 0.70 0.48 8.6 
Maximum 3.00 2.00 1.00 10 
Minimum 1.00 0.00 0.00 7 

Table 8.4. Results for instances of 50 images 

For the instances characterized by 100 and 200 images to photograph, we make 
the same calculations as before but in place of p* we consider p  (because the 
calculation times to obtain p* are too great for instances of these sizes). The results 
are presented in Tables 8.5 and 8.6. 

p - p(a) p - p(b) p - p(c) p
Mean 1.63 0.67 0.18 15 
Maximum 3.00 2.00 1.00 17 
Minimum 1.00 0.00 -1.0 13 

Table 8.5. Results for instances of 100 images 
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p - p(a) p - p(b) p - p(c) p
Mean 2.64 1.34 0.47 29 
Maximum 4.00 3.00 2.00 32 
Minimum 1.00 0.00 -1.0 27 

Table 8.6. Results for instances of 200 images 

We notice that type (c) discretization produces approximately the same results as 
we obtained by considering the continuous set of image acquisitions. In the worst 
case, the orbital sequence of image acquisition determined by the discretization (c) 
included two fewer image acquisitions, and this difference is a mean of 0. The fact 
of operating with a discretization does not seem to reduce the quality of the solutions 
obtained. 

8.6. Conclusion 

The formalism of operations research lets us define a unique model for MS and 
MSO and thus clarify the induced combinatorial problems. In addition, by calling on 
certain operations research tools, it was possible to construct efficient solution 
methods that helped us make decisions in the short- and medium-term planning 
phase (see [GAB 94]).  
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